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ON THE COMPOSITION OF BALANCED INCOMPLETE 
BLOCK DESIGNS 


R. C. BOSE anp S. S. SHRIKHANDE 


Introduction. The object of this paper is to develop a method of con- 
structing balanced incomplete block designs. It consists in utilizing the 
existence of two balanced incomplete block designs to obtain another such 
design by what may be called the method of composition. 


1. Preliminary results on orthogonal arrays and balanced incomplete 
block designs. Consider a matrix A = (a) of k rows and N columns, where 
each a,, represents one of the integers 1, 2,..., s. Consider all t-rowed sub- 
matrices of N columns, which can be formed from this array, t < k. Each 
column of any t-rowed submatrix can be regarded as an ordered ¢t-plet. The 
matrix will be called an orthogonal array [N, k, s, t] of size N, k constraints, 
s levels, strength ¢, and index ) if each of the (*) t-rowed submatrices that 
can be formed from the array contains every one of the s‘ possible ordered 
t-plets exactly \ times. Obviously NV = As‘ and each row contains the integers 
1,2,..., 8 exactlyA s*~' times. The idea of an orthogonal array is originally due 
to Rao (16) who utilized it in the construction of factorial arrangements. in 
the design of experiments. 

Denote by f(As‘) the maximum number of constraints which are possible 
in an orthogonal array of size As‘, s levels, strength ¢, and index \. Then from 
Plackett and Burman (15) we have 


THEOREM A. For any s and X, 


2 
fas’) < jin = 1] 
s-1l1 


where |x| is the largest integer not exceeding x. 


This inequality has been improved by Bose and Bush in (2), where they 
also give methods of constructing orthogonal arrays of strength two and three 
when the number of levels s is a prime power. 

Let a set of s distinct symbols be arranged in an s X s square in such a way 
that every symbol occurs exactly once in every row and once in every column. 
Such a square is called a Latin square of order s. Two Latin squares of order 
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s are called orthogonal, if when one of the squares is superposed on the other, 
every symbol of the first square occurs with every symbol of the second 
square once and only once. A set of Latin squares of order s is said to be 
a set of mutually orthogonal Latin squares (m.o.l.s.) if any two of them are 
orthogonal. It is known (2) that the existence of k-2 m.o.l|.s. of order s is equiva- 
lent to the existence of an orthogonal array [s?, k, s,2]. Hence for any s, 
f(s?) < s +1 implies that N(s) < s — 1, where by V(s) we denote the 
maximum number of m.o.l|.s. of order s. If s is a prime power, then it is known 
(10; 11) that V(s) = s — 1. Ifv = py"p."... p," is the prime power decom- 
position of an integer v, and we define n(v) = min(p,"', po", ..., py") — 1, 
then MacNeish (10) and Mann (11) showed that there exists a set of at 
least n(v) m.o.l.s. of order v, that is, V(v) > n(v). Recently Parker (13) 
showed how in certain cases one could construct more than m(v) m.o.lL.s. of 
order v. Parker’s method has been generalized by the present authors who 
showed (3; 4) in particular that Euler’s conjecture about the non-existence 
of two orthogonal Latin squares of order 2(mod 4) is false for an infinity of 
values of v > 22. By using the method of differences Parker (14) later on 
showed that V(v) > 2forv = $(3q¢ — 1), whereqisa prime power = 3(mod 4). 
In a joint paper with Parker (5) the present authors have shown that Euler’s 
conjecture is false for all values of v > 10. 

We call an array [As‘, k, s, t] a-resolvable if the As‘ columns can be separated 
into As‘~'/a sets of as each, such that in each set every row contains each 
of the s integers 1, 2,...,s exactly a times. A 1-resolvable array is called 
resolvable. Suppose there exists a set }> of k — 1 m.o.l.s. of order s, then we 
can take >> in the standard form in which the first row of each Latin square 
contains the integers 1,2,...,s in that order. We now prefix to the set 
> as X s square containing the integer 7 in each position in the ith column. 
If we then write down the elements of each square in a single row such that 
the integer in the ith row and the jth column occupies the mth position, 
where n = s(t — 1) + 7;1,j7 = 1,2,...,5; then we get an orthogonal array 
[s?, k, s, 2] which is resolvable. We thus have the following theorem which is 
essentially contained in (6). 


THEOREM B. Existence of k — 1 m.o.l.s. of order s implies the existence of a 
resolvable array {s?, k, s, 2}. 


A balanced incomplete block design (BIB) (18) with parameters 2, 6, r, k, » 
is an arrangement of v objects or treatments in } sets or blocks such that (i) 
every block contains k< v different objects and (ii) every pair of treatments 
occurs in A blocks. Then it is easy to see that each treatment occurs in exactly 
r blocks and the parameters satisfy the relations 


(1.1) A(jv— 1) =r(kR-—1), dDR=vr, b>v. 


The last inequality is due to Fisher (7). A BIB design is called symmetrical 
if 6 = v and hence k = r. It will be called 8-resolvable if the blocks can be 
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separated into sets such that each set contains every treatment exactly 8 
times. A 1-resolvable BIB design is called resolvable. A BIB design with 
parameters v,k,\ will be denoted by BIB (#;;A) and if \ = 1 by BIB 
(v; k). If the design is resolvable we denote it by RBIB (v; &;\) and RBIB 
(v; k) respectively. 

A BIB design is called separable if its blocks can be divided into sets of 
type I or II (4). 

From Theorem 2 in (4) we have: 


THEOREM C. If there exists a BIB (0; k) then 
V(v) > N(R) — 1. 
Further, if the design is separable then 
N(v) > N(R).- 
From Theorem 2 of (5) and corollary of Theorem 12 of (4) we have 
THEOREM D. Existence of BIB (v; k) implies that 
Viv — 1) > min(V(R), 14+ N(R —1)) -—1. 

Further, tf the design 1s resolvable, then 


N(v — 1) > min(NV(k)), N(R —1)). 


2. Pairwise balanced designs of index \. An arrangement of » treat- 
ments in 6 blocks will be called a pairwise balanced design (D) of index \, if 
each block contains either k;, ke,..., or k,, treatments which are all distinct 
(k, # k; <v), and every pair of treatments occurs in exactly \ blocks. Such 
a design will be said to be of type (v; Ri,..., km; \). If the number of blocks 
containing Rk; treatments is },, then 


m 


b= > by, wiv — 1) = DO dik (R, — 1). 
l 1 


The subdesign (D,) formed by the blocks of size k,, will be called the 7th 
equiblock component of (D), i = 1,2,...,m. 

A subset of blocks of (D,) will be said to be of general type I, if every 
treatment occurs in the subset ak, times, where a is a divisor of \. The number 
of blocks in the subset is clearly av. As proved in (8; 17), we can arrange 
the treatments within the blocks of the subset in such a way that every 
treatment comes in each position exactly a times. If the blocks are written as 
columns, each treatment occurs a times in every row. When so written out 
the blocks will be said to be in the standard form. 

A subset of blocks of (D,) will be said to be of general type II if every 
treatment occurs in the subset exactly 8 times when 6 is a divisor of A. The 
set of blocks will be said to form a 8-replicate. The number of blocks in 
such a subset is clearly (6v)/(k,). 
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The component (D,) is said to be separable in the general sense if the 
blocks of (D,) can be divided into subsets of general type I or II. (Both types 
may occur in (D,) at the same time.) If a = 8 = 1, then (D,) is called 
separable (4). 

If each (D,) is separable in the general sense with a and 6 independent of 
i, then (D) is called separable in the general sense. If each (D,) is separable 
then (D) will be called separable. 

The set of equiblock components (D;), (D2), ..., (D,) will be said to form 
a clear set if }°1'b, blocks comprising (D,), (D2),...,(D,) are such that 
no two blocks of the set have a treatment in common. Clearly a necessary 
condition for this is 


i 


yw bik; < v. 
1 
3. Use of pairwise balanced design in the construction of orthogonal 
arrays. 


THEOREM I. Let there exist a pairwise balanced design (D) of type (v; ki 


km; \) and suppose that there exist gq, — 1 m.o.l.s. of order k;, i = 1,2,..., m. 
Put 
gq = min(q1, G2, . - - » Ym)- 
Then 
f(r”) > g. 
If the set of equiblock components (D,;), (D2),..., (D,) form a clear set, and 
q* = min(q; + 1,g2+1,..., Os + Bo Ges « «<1 On) 


then f(dv*) > q*. If the design (D) is separable in the general sense, then 
fQv’) >qt+1 


and we can construct A = [dv*, g,v, 2] which is d-resolvable. If in particular 
(D) is separable then A is resolvable. 


Proof. Proof follows the general lines of Theorem 1 in (4; 5). Let the 
treatments of the design be 4, t2,...,¢, and let the blocks of the design 
(written out as columns) belonging to the equiblock component (D,) be 


Define the k; X 5; matrix D, by 


D, a [Sa1, 542 ye eee 5, ]. 
Let P, be the matrix of order g; XK k; (k; — 1) defined in Lemma 2 of (4), 
the elements of P, being the symbols 1, 2,... , ky. Let Py.,c = 1,2,...,&y—1 


be the submatrices of P;, such that each row of P;, contains the symbols 





le 


ry 


al 


nd 


—1 
»0ls 
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1,2,...,%4, exactly once. Define P,(5,,) in the same manner as in Lemma 2 


of (4) and let 
P (Dy = [P (8a), P (642), “+ » P(be,)). 


Then P,(D,) is of order g; XK 5,k,(Rk; — 1). If t, and t, are any two treatments 
occurring in the same block (6,,), then the ordered pair ¢,, 4; occurs exactly 
once as a column in any two-rowed submatrix of P,(6,,). Let A, be the matrix 
obtained from P,(D,) by retaining only the first g rows, and let 


A = (A;, As, ..., An). 


Then from (2.1), A is of order g X Av(v — 1) and since any two treatments 
occur exactly in A blocks of (D), any two-rowed submatrix of A contains 
exactly \ columns of ordered pairs of any two distinct treatments chosen 
from ty, te,..., t,. Let Ao be a g X Av matrix containing ¢, in all positions 
in columns numbered from (i — 1)A + 1 to aA, i = 1,2,...,v. Then the 
matrix (Ao, A) obviously gives A = [Av’, g, v, 2]. 

The second part of the theorem can be proved along the same lines as 
Theorem 1 in (5). 

To prove the last part of the theorem we note that each (D,) can be broken 
up into x, sets of av blocks of general type I and y, sets of 6v/k, blocks of 
general type II, where a and 6 are divisors of \ and are the same for each 
(D,). Thus each treatment occurs ak wx; + By; = r; times in (D,), i = 1, 
2,...,m. Following the proof of the latter part of Theorem 1 in (4), it is 
easily seen that the columns of A can be divided into }>;"x,k,(k; — 1) sets 
of av and >>"y,(k,; — 1) sets of 8v columns respectively, where in each set 
every row contains all the treatments exactly a and 8 times respectively. 

If a = B = 1, then (Ao, A) is a resolvable array [Av’, g, v, 2]. We can now 
add an additional row by putting ¢,; in the g + 1th position under \ sets of »v 
columns of (Ao, A), i = 1,2,...,. This gives an array [Av*, g + 1, 0, 2]. 

Now consider the case where both a and 6 are not equal to 1. Since 


av >> xdky(ky — 1) + Bv D> yilky — 1) = 0 DS (Ry — 1) [ak x, + By) 
1 


1 1 


v a (ki — 1)r; 
1 


m 


D> (ki — 1) kody 
1 


= dv(v — 1), 


(3.1) a@ Dd. xkdlki —1) +B D> yilky — 1) = AWW — 1). 
1 1 


Let \ = pa = p’B, say, and let 


(3.2) Dd xk(ky — 1) = pe +d, c>0,0<d<p 
1 
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and 


(3.3) > vk: -l =P'e’+d', &>0,0<d' <p’. 


Then (3.1) gives 

a[pce + d] + B[p’c’ + d’] = A(w — 1) 
or 
(3.4) A(e +c’) + da + d’B = A(v — 1). 
Since da < pa = i, d’B < p’B = X, (3.4) implies that 
(3.5) da + d’B = x. 


From (3.2), it is clear that }>x,k,(k,; — 1) sets of av columns of A can be 
separated into ¢ sets of Av columns, each set containing every one of the v 
treatments exactly \ times in any row and another set containing dav columns 
in which every treatment occurs exactly da times in every row. Similarly 
from (3.4) we get c’ sets of \v columns containing each treatment A times in 
every row and a set of d’8v columns contains each treatment exactly d’s 
times in a row. Combining the sets of dav and d’8v columns we get Av columns 
containing each treatment \ times in every row. Thus the columns of A are 
divisible into (v — 1) sets each of Av columns, such that in each set every 
row contains all the v treatments exactly \ times. It is now obvious that 
(Ao, 4) is an array [Av’, g, v, 2] which is \-resolvable. We can now add an 
additional row by placing ¢; in the (g + 1)th position under the 7th set 
i= 1,2,...,v, thus giving [Av?, g + 1, 2, 2]. 


COROLLARY 1.1. Existence of BIB (v; k; \) and the existence of q — | m.o.Ls. 
of order k implies that 


f(Av?) > g. 
Further, if the design is separable in the general sense, then 


fQv) >¢qt+1 


-. 


and we can construct A = [dv*, g,v,2] which is d-resolvable. If the design 1 
separable, then A is resolvable. 


4. Composition of blanced incomplete block designs. 


THEOREM 2A. Jf BIB (0:; Rk; \1) and BIB (v2; k; Xe) exist and if f(Awe*) > k, 
then BIB (oye; Rk; AyA2) exists. 


Proof. Let the two designs be denoted by (D,) and (D2) respectively. Write 
the blocks of each design as columns. Then (D,) can be written as a matrix 
of k rows and }; columns, where }; is the number of blocks in (D,). Let the 
treatments of (D,) be ft), te,..., t,; and let A be an orthogonal array 
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A = [Agve*, R, v2, 2] in the integers 1, 2,... , v2. Let (8,) be any block of (D,) 
containing treatments 


Bese Fane « a 0 9 Om 


in positions 1, 2,..., & respectively. Whenever j (j = 1, 2,..., 2) occurs in 
row p of A, replace it by 


ben. gs oy a | 


We thus get a matrix A(8,) of k rows and Aww,” columns. Define 
A(D,) = (4 (B;),..., A(Bp»,)). 


Then A(D,) is a matrix of k rows and },;Aq-2? columns in which the entries 
are the v2 symbols ¢;;, i = 1,2,...,%13 7 L.2....% Hestd, the 
treatments ¢, and ¢,, occur together in exactly A, blocks of (D,). Suppose 
(8) is a block of (D,) containing ¢, and t,, in positions i and 7’ respectively. In 
| integers j, 7’ occur in positions 7 and 7’ respectively in exactly A, columns 
Hence treatments /,,, and ¢,-,» occur together in the corresponding A» columns 
of 4(8). Obviously then these treatments will occur in \,Az2 columns of A (D,) 
We note that this is true whether or not 7 and 7’ are equal. Thus the nv, 
treatments /; , can be divided into 7; sets (¢;.1, t;.2,..-., tie), t = 1,2,..., 01, 
such that any two treatments coming from different sets occur exactly \,\: 
times in the blocks (columns) of A(D,). We now take A, repetitions of the 
design (D.) for each of these 2; sets of v2 treatments. The totality of blocks 
thus obtained obviously provide BIB (vyv2; R; AyA2). 


CoroLLAry 2A.1. Jf BIB (2,; &) and BIB (v2; k) exist and N(v2) > k — 2, 
then BIB (v2; Rk) exists. 


Using the above corollary and Theorem C, we have the following result 
due to Skolem, given in the notes to Netto’s book (12). 


COROLLARY 2A.2. If k is a prime power and BIB (v,;k) and BIB (v2; R) 
exist, then BIB (v v2; k) exists. 


THEOREM 2B. If separable designs BIB (v;; Rk; \;) and BIB (v2; R; Ag) exist 
and if a resolvable array A = [dov2", k, v2, 2] exists, then a separable design 
BIB (v2; k; AyA2) exists. If in particular the original designs are resolvable so 
is the obtained design. 


Proof. Suppose that the first design (D,) can be separated into sets Sy, 
ee S. of type I and S*,, S*s,...,S*, of type I]. Then obviously 
vk + x’ = r;, the number of replications of any treatment in (D,). The sets 
S, each contain v; blocks and the sets S*,, each contain v,/k blocks. Without 
loss of generality assume that each set S, is put in the standard form, that 
is, in each row of S, every treatment of (D,) occurs exactly once. 

Since 4 is resolvable, we can put 
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where each row of A, contains all the integers 1,2,..., V2 exactly once. As 
in the previous theorem, let 


Aid @ (... MAR), .... 46M).«-.2) 


where p = 1,2,...,Aw2;g = 1,2,...,x;¢ = 1,2,...,x’. Then it is easily 
seen that with respect to the vw, treatments ¢,,, defined in the previous 
theorem, each set A,(S,) gives a set of vwe blocks of type I and each set 
A,(S*,) gives a set of (vyw2)/k blocks of type II. Taking the additional blocks 
obtained from \, repetitions of the separable design (D2) for each of the », 
sets of v, treatments as in the previous theorem, we get a separable design 
BIB (vywe2; k; AA2). It is obvious that if in particular the original designs are 
resolvable so is the new design for vy. treatments. 


Taking Ay = Az = 1 and the particular case of resolvability, we get from 
Theorem B, 


Coro.iary 2B.1. Jf RBIB (0,; &) and RBIB (v2; k) exist and N(v2) > k—1, 
then RBIB (n;02; k) exists. 


Using Theorem C, the above gives 


CoROLLARY 2B.2. If k is a prime power and RBIB (v;; k) and RBIB (o2; e) 
exist, then RBIB (0,02; Rk) exists. 


THEOREM 2C. Jf BIB (0; &; Ax) BIB (2; R; As) exist and f(A2(v2 — 1)*) > k, 
then BIB (0;(v2 — 1) + 1; 2;AyA2) exists. 


Proof. Let (D,) be the design with v; treatments and let A, = [A2(v2 — 1)?, 
k, v. — 1,2]. Then as in Theorem 2A, the matrix A,(D,) gives blocks of size 
k in which any two treatments coming from different sets 

at + o> baat), ‘= - ee 
occur together in exactly \,\2 blocks. Take a new treatment say @, and con- 
sider the »v; sets of v2 treatments 

, bea. +o be.ce-t)> j= = 
The A, repetitions of the design (D2) with each of the 2; sets of vz treatments 
above together with the blocks A ,(D;) give the BIB (0; (v2 — 1) + 1; R; AyA2). 

Coro.iary 2C.1. Jf BIB (2; &) and BIB (v2; k) exist and N(v. — 1) > k—2, 
then BIB (v;(v2 — 1) + 1; R) exists. 


The particular case of this corollary when v; = k& is given in the notes 
added by Skolem in (12). 


Using Theorem D and the above corollary we have 


Coro.iary 2C.2. If k and k — 1 are both prime powers, then the existence 
of BIB (0:; k) and BIB (v2; k) implies the existence of BIB (0;(v2 — 1) + 1; R). 


is 


eS 


»). 
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THEOREM 2D. Jf BIB (0; k;\) exists and k — 1 is a prime power, then 
BIB ((k — 2)v + 1;% — 1;A) exists which is \-resolvable. 


Proof. Let the remaining parameters of (D) the BIB (0; &; A) be 6 and r. 
Since k — 1 is a prime power, there exists an orthogonal array A; = [(k — 1)?, 
k,k—1,2] in k—1 integers 1,2,...,2—1. Without loss of generality assume that 
the first column of A, consists entirely of 1's. Using Theorem 2C with », = », 
Ay = A, 02 = Rk, Ae = 1, we obtain a BIB design with parameters v* = v(k — 1) 
+ 1, b* = b(k — 1)? + do, r* = do, k* = k, X* = X. From this design omit 
the 6 blocks of A,(D) which arise from the first column of A;. Obviously 
these blocks form a BIB (v;k;A) for the treatments t,;,...,¢e.1, where 
See us << t, are the treatments of (D) In the design (D,) formed of the 
remaining 6(k — 1)* + \v — b blocks, each of the treatments ¢,,,..., te. 
occurs \v — r times. Further, no two of these treatments can occur in the 
same block of (D,). Since from (1.1) 


b(k — 1)? ++ Av — b = Dk* — 2bk + Av 
= v(rk — 2r + i) 
= v(\v — 1) 
the blocks of (D,) can be separated into v sets of (Av — r) blocks, such that 
each block of the ith set contains the treatment ¢, ;,i = 1 ,2,...,v. In this 
set ¢,, obviously occurs \ times with each of the remaining v(k — 2) + 1 
treatments excepting t; 1, 7 #i=1,2,...,v. Omitting the treatment ¢,, from 
the blocks of the ith set i = 1,2,...,v, we get BIB ((k — 2)v + 1;2 —1;A) 


which is obviously \-resolvable. 


Coro.iary 2D.1. Jf BIB (0; k) exists and k — 1 is a prime power then 
RBIB ((k — 2)v + 1;2k — 1) exists. 


We note that in actual applications of the above theorems the trivial 
existence of RBIB (k; ) is very useful. 


5. BIB designs with k = 5, \ = 1. A BIBdesign with k = 5, A= 1 
belongs to one of the two series (1) 


(Gi) v = 20¢+ 1,6 = ¢(20¢ + 1),7r = 5t 
(G2) v = 20+ 5,6 = (5t + 1) (444+ 1),r = 5t + 1. 


If v = 20 + 1, we denote the corresponding design by G,(v). Similarly if 
v = 20¢ + 5, the corresponding design is denoted by G:(v). When 20 is of the 
form 20¢ + 1 or 20¢ + 5 the corresponding design will be denoted by G(»). 
Using the results in (1) and on p. 118 of (11) and the corollaries 2A.2, 2B.2, 
2C.2, we can state the following theorem. 


THEOREM 3. (a) Jf v = 20t + 1 is a prime power and x is a primitive element 
of GF(v) and if x**' + 1 = x*, g odd then G,(v) exists. 
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(b) If v = 20t + 5 and 4t + 1 is a prime power, then G:2(v) exists. 

(c) Existence of G(v) implies the existence of G(5v), and if G(v) is resolvable 
so is G(5v). 

(d) If G(v1) and G(wve) exist, then G(vywe) exists, and if G(v,) and G(v-2) are 
both resolvable so is G(vywv2). 

(e) Existence of G(v) implies the existence of G(4v + 1) and G(Sv — 4 


(f) Existence of G(v,) and G(v2) implies the existence of G(v;(v2 — 1) + | 


From (a) using the powers of primitive roots of primes given in (9) solu- 
tions for v = 41, 61, 241, 281, 641, 701, 881 can be obtained. From (b) we 
get solutions for v 25, 45, 65, 85, 125, 145, 185, 205, 245, 265, 305, 365, 
105, 445, 485, 505, 545, 565, 605, 625, 685, 745, 785, 845, 865, 905, 965, 985 
Similarly (c), (d), (e), and (f) provide solutions for a large number of values 
of v. Using these methods, solutions for all v (< 1000) of the form 20¢ + | 
or 20t + 5 can be obtained excepting for 81, 141, 161, 285, 345, 361, 381, 
385, 461, 465, 541, 561, 585, 645, 665, 681, 705, 761, 765, 781, 801, 941, 961, 
981. We note that resolvable solutions for « 'g > 2 can always be con- 


structed. 


6. BIB designs with & t, A 1. BIB designs with k = 4, A 1 can be 


classified in two series: 


(F;): v 12 + 1, bd t(12¢ + 1 » J t/ 
(F2): v 12¢ + 4, 6 (4¢ + 1)(8¢ + 1),7 t+ 1. 

If v 12¢ + 1, we denote the corresponding solution by /,(v) and if 
v 12¢ + 4 we denote it by F2(v). F(v) will denote the design when 7 is of 


the form 12¢+ 1 or 12¢ + 4. Using the results in (1) and on page 118 of 
(11) and the corollaries 2A.2, 2B.2, 2C.2,2D.1, we have the following theorem 


THEOREM 4. 


(a) If v 12¢ + 1 is a prime power and x is a primitive element of GF(v) 
and x‘* — 1 x*, gq odd, then F,(v) exists. 
(b) If v = 12t+ 4 and 4t + 1 ts @ prime power, then a resolvable solution 


for Fe(v) exists. 

(c) Existence of F(v) implies the existence of F(4v), and if F(v) is resolvable 
so is F(4v). 

(d) If F(v;) and F(v2) exist, then F(vy2) exists, and if F(v,) and F(v2) are 
resolvable, so is F (ve). 

(e) Extstence of F(v) implies the existence of F(3v + 1) and F(4v — 3). 

(f) Existence of F(v,) and F(v2) implies the existence of F(v\(v2 — 1) + 1). 

(g) Existence of G(v) implies the existence of a resolvable solution for F(30+1 

From (a) above with the help of (9) we get solutions for v = 13, 25, 73, 


181, 277, 409, 457, 541, 709; from (b) resolvable solutions for v = 16, 28, 40, 
52, 76, 88, 112, 124, 148, 160, 184, 220, 244, 268, 292, 304, 328, 340, 364, 376, 


on 
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$12, 448, 472, 508, 520, 544, 580, 592, 688, 700, 724, 772, 808, 832, 844, 868, 
880, 940, 952 are obtained. From (g) we get resolvable solutions for v 136, 
196, 256, 316, 436, 556, 604, 616, 664, 676, 796, 904, 916, 964. Resolvable 
solutions for »v = 64, 208, 352, 496, 640, 736, 784, 976 are provided by (« 
Similarly (d), (e), and (f) give solutions for a large number of values of v. It 
has not been possible to obtain solutions for » < 1000 for the following values 
37, 133, 145, 172, 217, 232, 280, 361, 424, 460, 469, 505, 517, 529, 532, 565, 
568, 577, 613, 649, 652, 685, 697, 712, 745, 748, 841, 853, 856, 865, 889, 892, 
901, 925, 928, 997. 


7. Concluding remarks. The BIB designs with k = 5, A l and RBIB 
designs with k = 4, \ = 1 are especially interesting from the point of view 
of constructing orthogonal Latin squares. From Theorem 3 (5) it follows that 
existence of G(v) with v = 20¢ + 1 and 20t + 5 implies the existence of at 
least two orthogonal Latin squares of order 20t — 2 and 20t + 2, respectively, 
which are of the form 2(mod 4). Similarly from Theorem 4 of (5) existence 
of resolvable solution F2(12¢ + 4), t > 5, coupled with the fact that V(v) > 2, 
for v = 10, 14, and 18. (14, 5) gives the result that there exist at least two 
orthogonal Latin squares of orders 12¢ + 14, 12¢ + 18 and 12¢ 4+ 22. Since 
Euler's conjecture is false (5) for all numbers of the form 4¢ + 2 which are 

74, excepting for 2 and 6, another proof for the falsity of the conjecture 
for all numbers > 10 could be given if it could be shown that a resolvable 
solution F,(12¢ + 4) exists for all ¢ > 5. 
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FURTHER RESULTS ON THE CONSTRUCTION OF 
MUTUALLY ORTHOGONAL LATIN SQUARES AND 
THE FALSITY OF EULER’S CONJECTURE 


R. C. BOSE, S. S. SHRIKHANDE, anv E. T. PARKER 


1. Introduction. If 
pi'p? . . . pe 


is the prime power decomposition of an integer v, and we define the arithmetic 
function n(v) by 


n(v) = min(p7', p2’,..., pa") — 1, 


then it is known, MacNeish (10) and Mann (11), that there exists a set of at 
least m(v) mutually orthogonal Latin squares (m.o.l.s.) of order v. We shall 
denote by N(v) the maximum possible number of mutually orthogonal Latin 
squares of order v. Then the Mann-MacNeish theorem can be stated as 


N(v) > n(v). 


MacNeish conjectured that the actual value of N(v) is n(v). This con- 
jecture seemed plausible as it implied the correctness of Euler’s conjecture 
(8, p. 383, § 144) about the non-existence of two orthogonal Latin squares 
of order v = 4t + 2 (since n(v) = 1 in this case), and also the well-known 
result 

N(v) = n(v) = p™ — 1 when v = p” and p isa prime. 


MacNeish’s conjecture was disproved by Parker (12) who showed that in 
certain cases V(v) > n(v) by proving that if there exists a balanced incomplete 
block (BIB) design with v treatments, \ = 1, and block size k which is a 
prime power then N(v) > k — 2, and that this result can be improved to 
N(v) > k — 1, when the design is symmetric and cyclic. 

Parker's result though it did not disprove Euler’s conjecture threw serious 
doubts on its correctness. Bose and Shrikhande (4) were able to obtain a 
counter example by using a general class of designs, viz., the pairwise balanced 
designs of index unity. They showed (6) that Euler’s conjecture is false for 
an infinity of values of v > 22, and obtained improved lower bounds for 
N(v) for a large class of values of v. 

By using the method of differences Parker (13) showed that N(v) > 2 for 
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v = $(3¢ — 1), where g is a prime power = 3(mod 4). This includes the case 
v = 10. 

In the present paper (i) the main theorem of (6) has been improved enabling 
us to obtain better bounds on N(v), (ii) the method of differences has been 
used to show that N(v) > 2 when v = 14, 26, or 12¢ + 10, and (iii) Euler's 
conjecture has been shown to be false for all v 1¢-+2> 6. 


2. Definitions and notations. We shall try to adhere as much as possible 
to the notation and definitions used in (6). 

A Latin square of order v may be defined as an arrangement of v symbols 
say, 1,2,...,vin av X v square such that each symbol occurs exactly once 
in every row and once in every column. Two Latin squares are said to be 
orthogonal if, when they are superposed, each symbol of the first square 
occurs just once with each symbol of the second square. A set of mutually 
orthogonal Latin squares is a set of Latin squares any two of which are ortho- 
gonal. 

An orthogonal array (k*, g + 1, k, 2) of size k*®, g + 1 constraints, k levels 
and strength 2 is a k* X (¢ +1) matrix A whose elements are k symbols, such 
that every two-rowed submatrix of A contains as a column vector every 
possible pair of symbols. It is well known (7; 14) that the existence of g — 1 
mutually orthogonal k X k Latin squares implies the existence of an ortho- 
gonal array (k*,g + 1, %,2) and conversely. 

An arrangement of v objects (called treatments) in 6 sets (called blocks) 
will be called a pairwise balanced design of index unity and type (v; k1, Re, ..., 
k,,) if each block contains either k,, ko,..., or Rk, treatments which are all 
distinct (Rk; < v,k; # k;), and every pair of distinct treatments occurs in 
exactly one block of the design. If the number of blocks containing k, treat- 
ments is },, then clearly 


(2.1) b= > bh, vw—1) = > bkil(k, — 1). 
t=1 =1 


Consider a pairwise balanced design (D) of index unity and type (9; ky, 
ko, ..., Rm). The subdesign (D;) formed by the blocks of size k, will be called 
the ith equiblock component of (D), 1 ae eee m. 

A subset of blocks belonging to any equiblock component (D,) will be 
said to be of type I if every treatment occurs in the subset exactly k; times. 
The number of blocks in such a subset is clearly v. As noted by Levi using 
Kénig’s theorem on the decomposition of even regular graphs (9, pp. 4-6), 
we can rearrange the treatments within the blocks of the subset in such a 
way that every treatment comes in each position exactly once. If the v blocks 
of the subset are written out as columns, each treatment occurs exactly once 
in every row. When so written out the blocks will be said to be in the standard 
form. A subset of blocks belonging to (D,) will be said to be of type II if every 
treatment occurs in the subset exactly once. The component (D,) will be 
defined to be separable if the blocks can be divided into subsets of type I or 
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type II (both types may occur at the same time). The design (D) is defined 
to be separable if each equiblock component is separable. 

The set of equiblock components (D,), (Dz),..., (D,), | < m, will be said 
to be a clear set if the >) ~,'b; blocks comprising (D,), (Dz),..., (D,) are 
disjoint, that is, no two blocks contain a common treatment. Clearly a necessary 
condition for this is 


} bik < v. 
i 1 


We shall have occasion to use the following Lemmas proved in (6) 


LEMMA 1, Jf v = v2... v, then N(v) > min(N (2), N (v2), . , V(v, 


LEMMA 2. Suppose there exists a set >) of q — 1 m.o.Ls. of order k, then we 
can constructa q K k(k — 1) matrix P, whose elements are the symbols |, 2, 
k and such that (i) any ordered pair 
),tF] 
occurs as a column exactly once in any two-rowed submatrix of P, (ii) P can be 
subdivided into k — 1 submatrices P,, Po, ..., Py, of order q K k such that in 
each row of P,, 1 <¢ < k — 1, each of the symbols 1, 2,...,k occurs exactly 


once. 


Let 6 be a k X 1 column vector, then following the notation used in (6), 
we shall denote by P(6) the g K k(k — 1) matrix obtained from P on replacing 
the symbol 7 by the element occurring in the ith position in 6. A similar 
meaning will be assigned to P (6) and 2,,(6) where z,,; denotes the jth column 
of P.. If Disa k X b matrix defined by 


D 151, de, . Oy 
where 6, is a k X 1 column vector, then we define P(D) and P,(D) by 
P(D) = |P(é), P(é2),..., P(6, 
P(D) [P.(8:), Ps(8e), ... , Pe(Bs))}. 
3. Main theorem. The theorem proved in this section is an improvement 


of the main theorem of (6). 


THEOREM |. Let there exist a pairwise balanced design (D) of index unity and 


type (uv; ky, Ro, ...,Rm) such that the set of equiblock components (D,), (D 
..,(D,), |< m, is a clear set. If there exist q | mutually orthogonal 


Latin squares of order k, and if 
g* min(q,; + 1,...,¢: + 1,gu.---+q 
then there exist at least q* — 2 mutually orthogonal Latin squares of orde 


Proof. Let us define 


1 


q min(g: + 1,g2 +1,...,4:+ 1) 
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and 
qg™ = min(Gi41, Gin2, - - - » Ym)- 
Then 
g* = min(g™, g). 
Let 


ba, 542, re | 5 i; 


be the blocks of the equiblock component (D,) written out as columns (i < J). 
By hypothesis there exist g,; — 1 mutually orthogonal Latin squares of order 
k,. Hence we can construct an orthogonal array A,, with g; + 1 rows and 
k, columns, whose symbols are the treatments occurring in 6,,. Let 


A; = [A a, A ’, A w:]- 


Let A, be the g* X 5,k,? matrix obtained from A, by retaining only the first 
q* rows, and let 


AM = [A;, As, eee A|]. 


Then A has g* rows and 5°),k? columns. Clearly A“ has the property that 
if t, and ¢, are any two treatments identical or distinct contained in any block 
of (D,), (D2),..., or (D,), then the ordered pair ¢,, ‘, occurs as a column 
exactly once in any two-rowed submatrix of A. 

Let A, be the matrix obtained from P,(D,) by retaining only the first g* 
rows, uw =1+1,...,m. Then 


A® = [Arsi, Bones +65 An] 


has the property that if ¢, and ¢, are any two distinct treatments contained 
in any block of (Dj4:),..., (Dn) then the ordered pair ¢,, t, occurs exactly 
once in any two-rowed submatrix of A®. The number of columns in A® is 


> bbe(be — 1). 


u=1+1 


Again let A® be the g* X v2 matrix whose mth column contains in every 
position the treatment ¢,, where ¢, is any one of the 


i 
%2=v0-— , bik; 
i=1 


treatments not contained in (D,), (Dz),..., or (D,). Then [A™, A®, A®] 
is an orthogonal array (v’, g*, v, 2), and using any two rows for co-ordinatization 
we get g* — 2 mutually orthogonal Latin squares of order v. 


4. Use of BIB designs. A balanced incomplete block (BIB) design with 
parameters v, 6, r, k, \ is an arrangement of v objects or treatments into } 
sets or blocks such that (i) each block contains k < v different treatments, 
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(ii) each treatment occurs in r different blocks, and (iii) each pair of treat- 
ments occurs together in exactly \ blocks. The parameters satisfy the relations 


A(v — 1) = r(k — 1), BR = or, b > vw. 


These conditions are necessary but not sufficient for the existence of a BIB 
design. BIB designs were first introduced into statistical studies by Yates 
(15), but occur in earlier literature in connection with various combinatorial 
problems. Subsequent to Yates many authors have dealt with the problem 
of constructing these designs. Without attempting a complete bibliography 
we shall only refer to (1). A BIB design is said to be symmetric if » = 6, 
and in consequence k = r. A BIB design is said to be resolvable (2) if the 
blocks can be divided into sets, such that the blocks of a given set contain 
each treatment exactly once. A resolvable or a symmetric BIB design is 
evidently separable. 

A BIB design with A = | is clearly a pairwise balanced design of index 
unity and type (v; &). We shall denote such a design by BIB (v; R). 

By omitting a single treatment from the design BIB (v; k) we get a pair- 


wise balanced design of index unity and type (v — 1;%,k — 1) where the r 
blocks of size k — 1 form a clear set. Again if from a BIB (v; k) we delete x 
treatments belonging to the same block, 2 < x < k, we get a pairwise balanced 
design of index unity and type (v — x; k, k — 1, k — x) where the equiblock 
component consisting of the single block of size k — x is clear. Hence we 
have 


THEOREM 2. Existence of a BIB (v; k) implies 
(i) N(@w — 1) > min(V(Rk), 1 + N(R — 1)) -— 1, 
(ii) N(v — x) > min(V(Rk), N(R-—1),14+N(R-—-x))-—1, if 2<ex<¢k. 


Example (1). Consider the BIB design with parametersv = 6 = s*? + s+ 1, 
r=k=s+1, dA = 1, with s = 16. Taking x = 6, 8,9 respectively we get 
V (267) > 10, N (265) > 8, N (264) > 7, whereas (267) = 2, n(265) = 4 and 
n(264) = 2. 

Suppose we omit three treatments a, a2, a; not occurring in the same block 
of a BIB (v;), then we get a pairwise balanced design (D) of index unity 
and type (v — 3;k,k — 1,k — 2). Since in the original BIB (9; k) no two 
blocks can have more than one treatment in common, the three blocks of 
(D) of size k — 2 which have been obtained by deleting (a1, a2), (ae, as), 
(a1, a3) have obviously no treatment in common and form a clear equiblock 
component. Hence we get 


THEOREM 3. The existence of a BIB (v; k) implies that 
V(v — 3) > min(V(R), N(R — 1), 1 + N(R — 2)) — 1. 
Example (2). Consider the BIB (v; k) designs (1, pp. 386-389) with k = 5 


and v = 21, 25, 41, 45, 61, 65, 85, 125. It follows that there exist at least 
two m.o.Ls. of the following orders: 18, 22, 38, 42, 58, 62, 82, and 122. 
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Example (3). From the designs BIB (81;9) and BIB (73;9) we get 
N(78) > 6, N(70) > 6. 

Example (4). From the design BIB (273; 17) we get V(270) > 2 since 
N(15) > n(15) = 2. 

Suppose there exists a resolvable BIB design with parameters », 6, r, k, 
h = 1. Let l < x < r. Toeach block of the 7th replication add a new treatment 
6.4=1,2,..., x, and add a new block 4@;, 62, . . . , 0. We then get a pairwise 
balanced design of index unity and type (v + x;k + 1,k,x) if x <1, and 
type (v + x;k + 1,1) if x = r. The equiblock component formed by the new 
block is clear. When x = r — 1, the set of equiblock components consisting 
of the new block, and the blocks of the rth replication is a clear set. Again 
by adding a treatment @ to all the blocks of a single replication we get (v + 1; 
k + 1,k). Hence we have 


THEOREM 4A. The existence of a resolvable BIB (v; k) implies 


(i) N(vo +x) > min(V(k), N(R +1), 14+ N(x)) -—lifl<x<¢r-—2, 
(ii) N(v+r—1) > min(1 + N(R), N(R+1),14+ V(r —1)) -1, 
(iii) N(@ +7) > min(V(Rk + 1), 1 + V(r)) -— 1, 

(iv) N(w +1) > min(NV(R), N(R + 1)) — 1. 


Example (5). Taking x = 5 in the BIB design with v = 49, 6 = 56, r = 8, 


k = 7, \ = 1, we have 
N (54) > min(N(7), N(8), 1 + V(5)) — 1 = 4. 


Example (6). Using the resolvable BIB design v = 21, 6 = 70, r = 10, 
k = 3, A = 1, (5, p. 171, Table III) we have from part (ii) of the theorem 
N (30) > 2. 

Again suppose there exists a separable BIB (v; 2) in which the blocks can 
be divided into n sets of type I. The number of replications is r = kn. For a 
symmetric design m = 1. Let the blocks be written out as columns, and 
let (S;) be the jth subset, the blocks being in the standard form (j = 1, 2, 


...,). Let us take r new treatments 6,,,1 = 1,2,...,k; 7 = 1,2,...,m. 
Let us define the 1 X v row vector 9, = (6;,;,0;;,...,0,). Then we can 
denote by 


(°',) 
Bu; 


the result of adding @,,; in the (& + 1)th position to each block of the jth 
subset. 
Let N(k + 1) = g® — 1. Then we can construct a g® XK (k + L)k matrix 


P® with the properties (i) and (ii) of Lemma 2, where P,, P2“,..., P,@ 
are the submatrices referred to in part (ii). If 4,, is the uth block of (S,), 
u = 1,2,...,v, then the corresponding block of 


(5) 
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oy. 


Consistent with our notation we can denote by 


6 
ro) 
O45 


the result of replacing the symbols 1, 2,...,%, & + 1 in P,™ by treatments 
in the Ist, 2nd,..., (k + 1)th position in 


and define 


(5) = Lee (a).....2P Ge) ] 
91 J 3 (1) j (1) jo 
P; (S P; 6, erry as @,,) 1° 


A pair of distinct treatments belonging to the original BIB design may 
be called a pure pair. Again a pair of treatments, one of which belongs to the 
original BIB design, and the other to the newly added treatments, may be 
called a mixed pair. Then 


a=] ....PO(S),... | emna...mig— 1%... 


has the property that any two-rowed submatrix contains as a column each 
pure and each mixed ordered pair of treatments exactly once. 

Again if g@ - 1 = N(r), we can form an orthogonal array A, = (r?, g@ +1, 
r, 2) whose symbols are the r new treatments. Let 


gq = min(q™, g® + 1) 


and let A® and A® be obtained from A; and Ag respectively by retaining 
the first g rows only. Also let A® be the g X v matrix whose uth column 
contains the uth treatment of the BIB design in each position. Then 


A= [A™, A®, A®] 


is an orthogonal array of size (v + r)?, g constraints, v + r levels and strength 
2, and is therefore equivalent to a set of g — 2 mutually orthogonal Latin 
squares. Hence we have 


THEOREM 4B. If there exists a BIB (v;k) with r replications, in which the 
blocks can be subdivided into sets of type I, then 
N(w +r) > min(V(k + 1),1 + N(r)) — 1. 
Example (7). The existence of symmetric BIB (7;3) and BIB (57; 8) 
implies V(10) > 2 and N(65) > 7. 
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Example (8). There exists a BIB design (1, p. 383) with parameters v = 25, 
b = 50, r = 8, k= 4, A = 1 for which the blocks can be separated into two 
subsets of type I. It follows that V(33) > 3. 

Theorems 4A and 4B are special cases of the following more general theorem, 
the proof of which can be given on analogous lines. 





THEOREM 4. If there exists a separable BIB (v; k) with n, subsets of type I 
and nz subsets of type II, so that the number of replications is r = kn, + nz, 
then 

(i) N(@v +x) > min(V(Rk), N(R + 1), 1 + N(x)) — 1, if x = bry + 3; 
1 <M, 72 KC Mel <x<r—il. 

(ii) N(@ +r —1) > min(1 + V(R), N(R+1),1+ N(r—1)) —lifne.>0. 

(iii) N(v +7) > min(V(k + 1), 1 + N(r)) — 1. 

(iv) N(@ + 1) > min (V(Rk + 1), N(R)) — 1 if me. > O. 


5. Use of GD designs. An arrangement of v objects (treatments) in } sets 
(blocks) each containing k distinct treatments is said to be a group divisible 
(GD) design if the treatments can be divided into / groups of m treatments 
each, so that any two treatments belonging to the same group occur together 
in A, blocks, and any two treatments from different groups occur together in 
dz blocks. We will denote such a design by the notation GD (v; k, m; Ax, Az). 
The combinatorial properties of these designs have been studied in (3) where 
it has been shown that 

v = lm, bk = or, \4(m — 1) + Awem(] — 1) = r(k — 1), 


r being the number of replications, that is, the number of times each treatment 
occurs in the design. It has also been shown that 


P =rk —drw > 0, Q=r-—-A’A;>0. 

The GD designs can be divided into three classes. 

(i) Regular (R) characterized by P > 0, Q > 0. 

(if) Semi-regular (SR) characterized by P = 0, Q > 0. 

(iii) Singular (S) characterized by Q = 0. 

Methods of constructing these designs have been given in (5). So far as the 
construction of mutually orthogonal Latin squares is concerned a special role 
is played by GD designs with A, = 0, Az = 1, which in our notation can be 
denoted by GD(v;k, m;0,1). If, further, this design is regular we shall 
denote it by RGD(v; k, m;0, 1) and if it is semi-regular we shall denote it 
by SRGD(v; k, m; 0, 1). 

If to the 6 blocks of the GD design with \,; = 0, A. = 1, we add / new blocks 
corresponding to the groups, we get a pairwise balanced design of index 
unity and type (v; k, m). The blocks of size m form a clear equiblock com- 
ponent. Hence we have 


THEOREM 5. If there exists a GD(v; k, m;0, 1) then | 
N(v) > min( N(R), 1 + N(m)) — 1. ( 
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CorOLLarY. V(s? — 1) > N(s — 1), of s is a prime power. 
This follows from the existence of a resolvable GD(s? — 1; 5,5 — 1;0, 1). 
THEOREM 6. If there exists a GD(v; k, m; 0, 1) then 
N(v — 1) > min( N(R), N(R — 1), 1 + N(m), 1 + N(m — 1)) -— 1, 
and if the design is resolvable then 
N(w — 1) > min(N (Rk), N(R — 1), N(m), N(m — 1)). 


The first part follows from the fact that if we omit any particular treatment 
from the corresponding pairwise balanced design of index unity and type 
(v; k, m;0,1) we get a design of the type (v — 1;k,k — 1;m,m — 1), in 
which the equiblock components with blocks of sizes m and m — 1 form a 
clear set. The second part has already been proved in (6) and is given here 
for completeness. 


THEOREM 7. Suppose there exists a resolvable GD(v; k, m;0, 1) with r repli- 
cations, then 

(i) N(v +1) > min(N(k), N(R + 1), 1 + N(m)) — 1, 

(ii) N(v +x) > min(N (Rk), N(k + 1), 1 + N(m), 14+ N(x)) — Lif 
;<e<c se 

(iii) (a) N(v +r) > min(V(Rk + 1), 1 + N(m), 1 + N(r)) -— 1, 
(b) N(w +r) > min(N(k + 1), N(m + 1), 1 + N(R), 1 + N(r))—1, 

(iv) Nw +r+1) > min(V(k + 1), N(m 4+ 1),1 4+ N(r + 1)) -— 1, 


where in part (iii) we choose whichever lower bound is better for N(v + 1). 


To prove part (i) we add a new treatment 6; to each block of one replica- 
tion. To prove part (ii) we add a new treatment @,; to each block of the ith 
replication, 7 = 1,2,...,x, and take a new block (6;, 62,..., 6,). For the 
first part we note that the equiblock component given by the groups forms 
a clear set. For the second part we note that the set of equiblock components 
given by the groups and the new block is a clear set. To prove part (iii) 
(a) we add a new treatment 6, to each block of the ith replication, = 1,2,..., 
r, and a new block (@;, 62,...,8,). To prove part (iii) (b) we add a new treat- 
ment @; to each block of the ith replication for the first r — 1 replications, 
and a new treatment 4 to each of the groups, and add a new block (4, 41, . . . , 
6,1). We note in this case that the set of equiblock components given by the 
rth replication, and the newly added block is a clear set. To prove (iv) 
we add one new treatment to the blocks of each replication, one new treatment 
to each of the blocks corresponding to the groups, and take a block con- 
taining the new treatments. 

The group designs most useful to us are the semi-regular group divisible 
designs with A, = 0, A: = 1. For such a design the number of replications r 
is equal to the group size m, and v = km In the notation used in (6) such a 
design is denoted by SRGD (km; k, m;0,1). It is known (5) that for an 
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SRGD design each block contains the same number of treatments from each 
group. We shall now prove 


LEMMA 3. There exists a resolvable SRGD (km; k, m;0, 1) if k < N(m) + 1. 
For this design the block size is k, r = m, and b = m?®. 


Applying Lemma 2 we find that there exists a matrix P with N(m) + | 
rows and m(m — 1) columns such that in every two-rowed submatrix of P 
every ordered pair of distinct symbols occurs exactly once, and it can be 
subdivided into m — 1 parts such that in each row of every part every symbol 
occurs once. Let P, be the matrix obtained from P by retaining only k rows. 
Let E, be a k X m matrix such that the ith column contains the ith symbol 
in each position. Let A, = [F;, P;]. Now let us consider km treatments 
t , toy... tem. Let the symbols 1, 2, ... , m in the jth row of A, be replaced by 

batt) tat2,---,taim Where a = (j — 1)m. 
This gives an SRGD with the required properties. The blocks are given by 
the columns. The replications consist of E, and subdivisions of P,. 
Combining Lemma 3 and Theorem 7 we have 


THEOREM 8. If k < N(m) +1, then 
(i) N(km + 1) > min(NV(Rk), N(R + 1), 1 + N(m)) — 1, 
(ii) N(km + x) > min(N (Rk), N(R + 1), 1 + N(m), 1 + N(x)) — Lif 
l<x<m. 


Example (9). Taking k, m, and x as shown we derive the lower bound for 
N(km + x), noting that N (24) > 3 from Table 1 of (6) and N(10) > 2 from 
Example (7), Theorem 4B. 


(i) k=7,m=11, x = 5; N (82) > 4, 

(ii) k=8, m= 11, x =7; N(95) > 6, 

(iii) k=7, m= 19, x = 5; N (138) > 4, 

(iv) k=7,m=8, x= 4; N (60) > 3, 

(v) k=4, m= 2, x = 10; N (106) > 2 

(vi) k=8, mw = 13, x =7; N(111) > 6, 

(vii) k=4, m= 2/7, x = 10; N(118) > 2 
(viii) k=7, m = 16, x = 10; N (122) > 2. 

(ix) k=7, m = 17, x = 5; N (124) > 4. 

6. Use of the method of differences. Let 0, 1, 2,...,m-—1 be the 
elements of the ring R of residue classes (mod m). We shall consider matrices 
whose elements belong either to FR or to the set X of m indefinites x;, x2, .. . , Xm- 


We shall say that the difference associated with the ordered pair (‘), where i 
and j belong to R is c where i — j = c(mod nm), 0 < c < nm. Conversely to 
each element c of R there correspond m ordered pairs which have c as their 
associated difference. If ($) is one of these pairs then the other pairs are 
(st$) where @ = 0,1,2,...,” — 1, and i + @ and j + @ are reduced (mod n). 
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The ordered pair ({) both members of which belong to R will be called an 
R-pair. A pair ({) where i belongs to R and x, to X is called an RX-pair 
and the difference associated with it is defined to be x,. If @ is any element 
of R we shall formally define x, + @ = x,. With this definition, corresponding 
to any indefinite x,, there are m RX pairs, the difference associated with each 
of which is x,. If (;,) is one of these pairs then the other pairs are ey where 
¢é=0,1,..., n — 1. These pairs are of course all the pairs ({),i = 0,1,..., 
n — | in some order or other. We may similarly define X R pairs. The difference 
associated with the XR pair (4) is x,. 

We shall now prove the following theorem: 

THEOREM 9. Jf m is odd there exist at least two orthogonal Latin squares of 


order 3m + 1. Taking m = 4t + 3 this implies the existence of a pair of ortho- 
gonal Latin squares for all orders 12t + 10. 


Consider the 4 XK 4m matrix Ao given below (to exhibit the structure of 
Ao it is divided into 4 parts), whose elements belong to R the ring of residue 


classes mod(2m + 1) or X the set of indefinites x,, xo,..., Xm. 
0 O ae 1 2 ime 2m 2m—1...m+1 
" . 2 m 0 O 0 X, Xe ee 
oe | Que ee — 1. + X, Xe Sus 0 0 0 
x, Xe ve 2m2m—1...m+1 1 2 m 
X, Xe Xen 
2m 2m —1...m+1 
.-3 ‘ool 
0 O oe 


We note that of the 4m pairs occurring as columns in any two-rowed sub- 
matrix of Ao, 2m are R-pairs, the differences associated with which are all 
the non-null elements of R, m are RX-pairs the differences associated with 
which are all the elements of X and the same is true of XR pairs. Let Ag» be 
the matrix derived from A» by adding 6, 0 < @ < 2m, to every element of 
Ao and reducing mod(2m + 1); x; + @ being considered as x,. Let 


Aw tha Me i. ssi heal. 


Then it is evident that in any two-rowed submatrix of 4, any R-pair formed 
by two distinct elements of R, or any RX or X R-pair occurs exactly once. Let 
A* be an orthogonal array [m’, 4, m,2] corresponding to two orthogonal 
Latin squares formed by the symbols x, X2,...,%», and let E bea 4 XK (2m + 1) 
matrix whose ith column contains 7 in each place (0 < 1 < 2m). Then 


A = [E, A, A*] 


is an orthogonal array |(3m + 1)*, 4, 3m + 1, 2], which proves the result, 
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Example (10). Taking ¢ = 0, 1, 2, 3, 4, 8, 9, and 12 respectively it follows 
that N(v) > 2 for v = 10, 22, 34, 46, 58, 106, 118, and 154. 

Two superposed 10 X 10 orthogonal squares obtained by this method are 
exhibited below. The symbols x,, x2, x3; have been replaced by 7, 8, 9. 


A Parr or 10 X 10 ORTHOGONAL SQUARES 
00 67 58 49 91 83 75 12 24 36 
76 1] 07 68 59 92 84 23 35 10 
85 70 22 17 O8 69 93 34 16 51 


94 86 71 33 27 18 09 15 50 62 
19 95 80 72 14 37 28 56 61 03 
38 29 96 81 73 55 17 60 02 14 
57 48 39 90 82 74 66 01 13 25 
21 32 43 54 65 06 10 77 88 99 
42 53 64 05 16 20 31 89 97 78 
63 O04 15 26 30 t] 52 98 79 87 


We shall now give two special examples of the use of the method of differences. 
Example (11). Consider the matrix 


0 xy Xe X3 
1 0 0 0 
> — 
Po= 4 { 6 9 


6 l 2 S 


whose elements belong to the ring R of residue classes (mod 11) and the set 
X of indefinites x;, x2, x3. Let P:, P2, P; be obtained from Pp» by cyclic per- 
mutation of the rows, and let 


Ao = [Po, P,, Po, P;). 


Then it is easy to verify that each two-rowed submatrix of Ao contains 
as columns 10 R-pairs, the differences associated with which are all the non- 
null elements of R; 3 RX-pairs the differences associated with which are the 
3 elements of X, and 3 XR pairs for which the same is true. Let A» be the 
matrix obtained from A» by adding @ to elements of Ao, where @ belongs 
to R. Then 


A = [Ao, Ai, eee » Ajo] 


is a matrix such that any two-rowed submatrix contains as a column every 
R-pair consisting of distinct elements of R, and every RX and XR-pair, 
exactly once. If A* is the orthogonal array of strength 2 and 4 constraints 
with the symbols x;, x2, x; and E is the 4 X11 matrix for which the 7th column 
contains 7 in every place (¢ = 0,1,..., 10) then 
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is an orthogonal array [14?, 


0 0 
3 6 
P= 8 20 
12 16 


t, 14, 2] from which a pair of orthogonal Latin 
squares of order 14 can be constructed. 
Example (12). Similarly by starting with the matrix 


0 


12 


‘ 


0 
] 
16 
9 


0 
20 


Xi Xe X3 
0 0 
17 8 


6 21 


whose elements belong to the ring R of residue classes (mod 23) and the 
set X of indefinites x;, x2, x3, we can construct two mutually orthogonal Latin 


squares of order 26. 


7. Improved lower bounds for N(v), v< 154. 


We give here those values 


of v < 154 for which the lower bound of N(v) can be improved over the 
bound given in Table I of (6). 


a e- e- a- e a- e e- e 


o=— = HO 


L.b. for 
N(v) 


In &§NNNN WSN NW WW 


oN mS hw Soa - 


no + & WW bo 


Remarks 





(7), Th. 4B or Ex 
(11 
(2), Th. 3 
(12) 
. (6), Th. 4A 
(8), Th. 4B 
. (10), Th. 9 
. (2), Th. 3 
(2), Th. 3 
. 110), Th. 9 
. (5), Th. 4A 
. (9) (iv), Th. 8 
. (2), Th.3 
(7), Th. 4B 
. (3), Th. 3 
(3), Th. 3 
(9) (i), Th. 8 
= 10 X 9 and Lemma 1 
. (9) Gi), Th. 8 


10), Th. 9 


ex. (10), Th. 9, or Ex. (9) (v), Th. 8 


. (9) (vi), Th. 8 
4 = 38 X 3 and Lemma |! 


=x. (10), Th. 9, or Ex. (9) (vii), Th. 8 

x. (2), Th. 3, or Ex. (9) (viii), Th. 8 

ex. (9) (ix), Th. 8 

=x. (9) (iii), Th. 8 

x. (10), Th. 9, or 154 = 22 XK 7 and Lemma |! 
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8. The existence of at least two orthogonal Latin squares of order 
v > 6. If v is divisible by 4 or if v is odd then N(v) > n(v) > 2. Hence we 
need only consider numbers for which v = 2(mod 4). We shall first prove 


LEMMA 4. V(v) > 2 if 6 <u < 726. 


This result has already been checked in Table I of (6), supplemented by 
the improvements noted in Table I of the last section, up to v = 154. 

Any integer v lying in the closed interval J; = (a;, 6;) shown in column (2) 
of Table II can be expressed in the form 


v = 4m, + X14, lO <x, Ci 
where m, and c; are given in columns (3) and (4), since a, tm, + 10, 
b, = 4m, + Cj. 
rABLE II 
i Interval I; = (a;, }; mM; Cj 
l (158, 182 37 34 
2 186, 218 44 42 
3 (222, 262 53 50 
{ 266, 310 64 54 
5 314, 374 76 70 
6 378, 454 92 RG 
7 458, 550 112 102 
8 554, 662 136 118 
9 (666, 726 164 70 


It is readily verified that N(m,) > n(m,) > 3. Again N(x;,) > 2 since 
10 < x; < c, < 154. If we take k = 4 in part (ii) of Theorem 8, the conditions 
k < N(m,) + 1 and 1 < x; < m, are obviously satisfied. Hence if v lies in 
any of the closed intervals J; (i 1,2,...,9), N(v) > 2. The Lemma follows 
by noting that any v = 2(mod 4) and satisfying 154 < v < 726 lies in one 
of the closed intervals J. 


THEOREM 10. There exist at least two orthogonal Latin squares of any order 
v > 6. 

It is sufficient to prove the theorem for numbers v = 2(mod 4), v > 730. 
If » satisfies these conditions we can write 


v— 10 l44g + 4u, g> 0, 0O<u< 35 
therefore 
v = 4(36g) + 4u + 10. 


Since the least factor in the prime power decomposition of 36g is necessarily 
greater than or equal to 4, V(36g) > n(36g) > 3. If in Theorem 8 part (ii) 





ai 
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we take k = 4, m = 36g, x = 4u+ 10, then k << 1+ N(m). Also 10 <x < 150, 
m > 180. Hence 1 < x < m, and N(x) > 2. It follows that N(v) > 2. 

The question raised in the concluding remarks of (6) is thus completely 
answered. If a positive integer v > 2 is called Eulerian if two orthogonal Latin 
squares of order v do not exist, then 6 is the only Eulerian number. 
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ON THE MAXIMAL NUMBER OF PAIRWISE 
ORTHOGONAL LATIN SQUARES OF A GIVEN ORDER 


S. CHOWLA, P. ERDOS, anv E. G. STRAUS 


1. Introduction. In the preceding paper Bose, Shrikhande, and Parker 
give their important discovery of the disproof of Euler’s conjecture on Latin 
squares. In this paper we show that their results can be strengthened to imply 
that N(m), the maximal number of pairwise orthogonal Latin squares of order 
n, tends to infinity with m. In fact there exists a positive constant c, such 
that N(m) > n° for all sufficiently large n. 

Our proof involves no new combinatorial insights, but is based entirely on 
a number-theoretical investigation of the following inequality due to Bose 


and Shrikhande. 


THEOREM A. Jf k<N(m)+1 and 1<u<m then N(km-+ xu) 
> min{ N(R), N(k + 1),1 + N(m),1+ N(u)} — 1. 

The only other results on Latin squares which we need are due to H. F. 
MacNeish. 

THEOREM B. (1) N(ab) > min{ N(a), N(8)}. 


(2) N(q) = q — 1 @f q ts the power of a prime. 


In § 2 we give a proot of the fact that V(m) tends to infinity, using only 
the most elementary tools. In § 3 we use Brun’s method to obtain quanti- 
tative results on the lower bound of N(m). Finally, in § 4, we discuss the 
theoretical limitations on the results that can be derived from Theorem A. 


2. Proof that 


lim N(n) = o. 


Let x be an arbitrarily large positive integer. Let 


(1) k+1=[][ 2? (p prime). 


pear 
Then by Theorem B we have 


(2) N(k +1) >27*-1 


V 
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(3) N(k) > x 


since all prime factors of k are greater than x. Now set 


(4) m=k* [|] ¢ (q prime). 


an 


¢ 
qz 


Note that while m, is defined in terms of m, it has an upper bound which 
depends on x alone. If is sufficiently large then the interval (m/(k + 1)m,, 


(nm — 1)/km,) contains a number mz such that 
(5) m, = | (mod k!}). 
Thus the least prime factor of mz is greater than k. 
If we set m = mym, then from Theorem B and equations (4), (5) we obtain 
(6) V(m) > min{ N(m,), N(mz)} > min{2* — 1, R}. 
> k. 


Thus the first condition of Theorem A is satisfied. Finally we set u = n — km: 
Since we had chosen n/(k + 1)m, < mz < (n — 1)/km, we have km + | 
<n < (k + 1)m, so that 


(7) l<u<m 
which satisfies the second condition of Theorem A. From (1), (4), and (5) 


we see that m and km are incongruent module any prime less than x and 
therefore u has no divisors less than x. Thus 


(8) V(u) > x. 
Combining (2), (3), (6), and (8) we obtain from Theorem A 
(9) N(n) >x- 1 


for arbitrary x and sufficiently large n. 


3. Numerical estimates on the lower bound of N(n). In addition to 
Theorems A and B we need a result of Brun’s sieve method. We shall use 
the following theorem due to H. Rademacher (1). 


THEOREM C. Let P(D; x; pi, ..., pr) denote the number of positive integers, 
y, no greater than x which lie in an arithmetic progression A + tD(t = 0,1,..., 
whereO < A < Dand (A, D) 1 and so that y # a; (mod p,;), y # 5; (mod p, 
oS Seer) 2 

If py <<... < py, are primes with p; > 7, then 

Cx 79/11 
P(D; x; D1, ..- + De) ——3— — C'p," 
Pr * D log*p, Pp: 
where C and C’ are positive constants. 


We shall also need the following simple fact. 
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LEMMA D. The number of integers, y, no greater than x which are divisible by 
a prime factor p of n so that p > n°, is no greater than x/cn*. 


Proof. Obviously there are at most x/p numbers y divisible by p and 
therefore the number in question is no greater than 


l l 1 j ; 
x <x =< X-e°- = x/en 
2 Pp - 2 n nm ¢ 


p>n* 
since there are less than 1/c prime factors of « which exceed n°. 
Case I. n is even. Pick k so that 


[or om2"] 


(10) k = —1 (mod 2 ), k = 1 (mod 15); 
k # Oor —1 (mod p) for » prime, 7 < p <n”: k <n”. 


We note that this restricts k to an arithmetic progression with difference 


1; ] 
Og2n 
[5 i P y 


- 1 
D = 15.2 <cn 
Thus by Theorem C there are at least 
~ 1/10 on 
Cn ‘a 79 1 
Ql) —wrsst rie — C’ © 
on log” n (1/90) 
1/910 2 . 79/900 1/910 2 
=n log’ n — C'n > cn og” n 


choices of k. 

According to Lemma D the number of natural numbers below n'/!° which 
have a prime factor greater than n'/*’ in common with m does not exceed 
90 n®/*_. Since 81/910 > 8/90, it follows from (11), and the fact that k has 
no factors less than n'/*, that we can choose & so that 


(12) (k,m) = 1. 
From (10) and Theorem B it follows that 
(13) V(k) > nn’ -1> 43n'", 
y . 1 1 1/9¢ 1/91 
N(k +1) >min {32°} —1>4n"™, 
for n sufficiently large. 
We now set m = n, + nok where 0 < n, < k and let u n; + uk, where 
we pick , subject to the following conditions. 


(14) u, # nm, (mod 2); 


u, # —n,/k (mod p), p ¥ kt 
f 


u; # Nz (mod p) Pp prime, 3 < P < k; 


159/200 
uy, <1 . 


Note that the incongruence (mod 2) implies that u is odd. 











re 





— 
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The incongruences modulo 2, 3, and 5 can be satisfied by restricting u, to 
a progression with difference 30. In order to apply Theorem C we need 
(u;, 30) = 1. If (43,30) > 1 we write u,; = u,’. (u;, 30) with (u,’,30) = 1; 


then according to Theorem C, the number of such choices of u;’ is at least 


. 159/200 
Cn 


(15) 30 log? k CR > o,  e flog’* 2 — C’'n”™™ > 0 
‘ og 


for n sufficiently large. 

From (14) we see that wu is not divisible by any prime less than k and 
prime to k. If u were divisible by a prime p which divides k, then m, and 
hence m, would be divisible by p, in contradiction to (12). Hence from (13) 
we obtain 


(16) V(u) > k > N(k) > 4n'’" for sufficiently large n. 
Also, if we set m = (n — u)/k, then 
(17) we > 20/20°/18 — (1 4 99180/208) > 999/10 


> mi/10 4 (1 + 189/200) Sy > I 
for sufficiently large n. Finally, according to (12) and (14), all prime factors 
of m exceed k so that 
(18) N(m) > k > N(k) > $n), 


According to (17) and (18) our choice of k, u, m satisfies the conditions 
of Theorem A. Thus by (13), (16), and (18) we have 
(19) V(n) > 4n'/*! for all sufficiently large even n. 

Case II. n odd. Instead of applying Theorem C to k we apply it to k + | 


with equation (10) replaced by 


G2" | 


= 
(10’) ke+1=1 (mod 2"! }k +1 = 2 (mod 15); 


k +1 #0or1 (mod p) for7 < p <n’ 
k+1<n'™. 


The rest of the argument on & proceeds as before and equation (12) remains 
unchanged, while (13) becomes 


(13) V(k) > min{hn'/*', n'/} — 1 > gmt’, 
V(k +1) > n'/° — 1 > $n! 
The choice of u is modified so that (14) is replaced by 
(14’) U, # nz (mod 2); u, # — n,/k (mod p 


for all primes 3 < p < k which do not divide k; while u; # mz (mod p) for 


all primes 3 < p < Rk; uy < 0'59/20°, 
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It then follows from (13’) and (14’) that both m and m = (n — u)/k are 
odd, and the remainder of the argument proceeds exactly as before to yield 
the following. 


THEOREM. There exists a number no so that for all n > no we have 


N(n) > 4n¥/%, 


4. Remarks. The exponent 1/91 in our result is far from best possible. We 
have not used the best available sieve method, nor have we even squeezed 
the last drop out of the sieve method quoted. It seems, however, reasonable 
to defer such efforts in the hope that other theorems of the type of Theorem A 
can be developed, which may eliminate the twofold use of the double sieve of 
Theorem C. This would be accomplished, for example, if either the occurrences 
of both N(R) and N(R + 1) or the inequality N(m) + 1 > k could be elimin- 
ated. 

Theorem A can never lead to N(m) > n'/? since we must have m > mk and 
N(m) + 1> so that k < m < n'” and N(k) < n'” 

On the other hand, our result seems to eliminate the possibility of a reason- 
able modification of MacNeish’s conjecture which would express N(m) in 
terms of prime power divisors of m; since for any positive c there are infinitely 
many for which even the greatest prime power divisor is less than n°. 


REFERENCE 


1. H. Rademacher, Beitrdge zur Viggo Brunschen Methode in der Zahlentheorie, Abbh. Math 
Sem. Hamburg, 3 (1924), 12-30. 


Number Theory Institute (1959), Boulder, Colorado 
University of Colorado 
University of California, Los Angeles 











A SIMPLE CLOSED CURVE IS THE ONLY 
HOMOGENEOUS BOUNDED PLANE CONTINUUM 
THAT CONTAINS AN ARC 


R. H. BING 


1. Introduction. One of the unsolved problems of plane topology is the 
following: 


Question. What are the homogeneous bounded plane continua? 

A search for the answer has been punctuated by some erroneous results. For 
a history of the problem see (6). 

The following examples of bounded homogeneous plane continua are known: 
a point; a simple closed curve; a pseudo arc (2, 12); and a circle of pseudo 
arcs (6). Are there others? 

The only one of the above examples that contains an arc is a simple closed 
curve. In this paper we show that there are no other such examples. We list 
some previous results that point in this direction. Mazurkiewicz showed (11) 
that the simple closed curve is the only non-degenerate homogeneous bounded 
plane continuum that is locally connected. Cohen showed (8) that the simple 
closed curve is the only homogeneous bounded plane continuum that con- 
tains a simple closed curve. Cohen showed (8) that the simple closed curve 
is the only non-degenerate homogeneous bounded plane continuum that is 
arcwise connected. 

In this paper we prove the following theorem: 


THEOREM 1. The simple closed curve is the only homogeneous bounded plane 
continuum that contains an arc. 


Theorem 1 is proved by listing certain properties possessed by any homo- 
geneous bounded plane continuum that contains an arc but is not a simple 
closed curve (these properties with their consequences are listed in §§ 2, 3, 5, 
6, and 10) and then showing (Theorem 6) that no homogeneous bounded 
plane continuum could have one of these properties. The proof of Theorem 1 
is completed in § 10. 

In this paper, all sets are assumed to be metric. For the most part we will 
deal with planar sets but since some of the results apply to more general 
metric spaces, we do not suppose that sets discussed are planar unless this 
is stated. We recall some definitions, related results, and related questions. 

A set is homogeneous if for each pair of its points p, g there is a homeomor- 
phism of the set onto itself that takes p to gq. 

An « collection is a collection each of whose elements is of diameter no more 
than e. 


Received April 2, 1959. 
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An « chain is a finite ordered « collection of open sets d;, d2,...,d, such 
that d, intersects d, if and only if i is adjacent to j. 

A compact continuum X is snake-like if for each positive number e, X can 
be covered by an « chain. It is known (5) that the only non-degenerate 
homogeneous snake-like continuum is a pseudo arc. 

It is convenient to associate with any open covering G a 1-complex C(G), 
called the l-nerve of G, such that there is a | — | correspondence between 
the elements of G and the vertices of C(G) and two elements of G intersect 
if and only if the corresponding vertices of C(G) are joined by a 1-simplex 
in C(G). Note that the 1l-nerve of an ¢ chain is topologically an arc. 

A compact continuum X is tree-like if for each positive number « there is 
an ¢€ collection G of open sets covering X such that the l-nerve of G contains 
no simple closed curve. Each 1|-dimensional compact plane continuum that 
does not separate the plane is tree-like (3). 


Question. Is there a homogeneous tree-like continuum that contains an arc? 


Jones has shown (10) that each homogeneous tree-like compact continuum 
is indecomposable. Perhaps each is hereditarily indecomposable. 

A compact continuum X is circle-like if it is not snake-like but for each 
positive number « there is an « collection G of open sets irreducibly covering 
X such that the 1-nerve of G is topologically a circle. A simple closed curve 
and a circle of pseudo arcs are examples of circle-like homogeneous planar 
continua. Example 2 of (4) is not known to be non-homogeneous. A solenoid 
is an example of a compact homogeneous continuum that contains an arc. 
However, the simple closed curve is the only solenoid that is planar. 

A solenoid may be defined as the intersection of a sequence of tori 7), T2, ..., 
such that 7,,,; runs smoothly around inside 7; 2; times longitudinally without 
folding back and T, has cross diameter of less than 1/1. The sequence m, m2, .. ., 
determines the topology of the solenoid. If it is 1,1,..., after some place, 
the solenoid is a circle. If it is 2,2,..., the solenoid is the dyadic solenoid. 

There is no loss of generality in supposing that each integer in the sequence 
NM, Mz, ..., used in defining a solenoid is prime, for if nm, is not prime, it may 
be replaced in the sequence by its prime factors. The order of the elements 
of the sequence does not affect the topology of the solenoid—that is, if 
Mm, M>,..., is a reordering of m,, m2,..., the solenoids determined by the 
sequences are topologically equivalent. Also, the first few terms of the sequence 
does not affect the topology of the solenoid. Hence, solenoids determined by 
the sequences of primes m,', m,',..., and m,’, m2*,..., are topologically 
equivalent if it is possible to remove a finite number of elements from each 
so that each prime greater than 1 occurs the same number of times in each 
of the remainders. Perhaps the converse of this is true. 

Another way of describing a solenoid is to consider a unit circle C in the 
plane with centre at the origin and a sequence of maps f;, fe, ..., of C onto 
itself so that in polar co-ordinates 








ito 





HOMOGENEOUS BOUNDED PLANE CONTINUA 211 


fl, 0) = (1, 2). 


This solenoid is the inverse limit of the circles and the f;,’s and consists of all 
points p; X po X ps X ... of the Cartesian product C KX C X CX... such 
that for each i, p; = fi (Pui). 

We show in Theorem 9 that if a circle-like homogeneous continuum con- 
tains an arc, it is a solenoid. Although a solenoid may not be planar, it is 
locally planar. Anderson has shown (1) that the only 1-dimensional locally 
connected continuum that is not locally planar at any point is the Menger 
universal curve. It is homogeneous (1). 


Question. Are solenoids and the Menger universal curve the only homo- 
geneous 1-dimensional compact continua that contain arcs?* 


2. Some elementary properties of M@. In §§ 2 and 3 we suppose that 
M is a homogeneous, non-degenerate, bounded plane continuum that contains 
an arc but is not a simple closed curve. Our plan is to list enough of the 
properties of such an assumed M to show that it cannot exist. This section 
lists some elementary properties of M. 


Property 1. M is not locally connected. Mazurkiewicz (11) showed that the 
simple closed curve is the only non-degenerate homogeneous bounded locally 
connected plane continuum. 


Property 2. M is not connected im kleinen at any point. A set X is connected 
im kleinen at a point x if for each neighbourhood U of x there is a neighbour- 
hood NV of x such that V-X lies in the component of U-X containing x. If M 
were connected im kileinen at one point, it would follow from the homogeneity 
of X that it is connected im kleinen at every point. Since a continuum is 
locally connected at each point if it is connected im kleinen at each point, 
Property 1 implies Property 2. 


Property 3. M contains an open set U with uncountably many components. 
Property 3 follows from Property 2 and the following theorem. 


THEOREM 2. If a complete metric space fails to be connected im kleinen at 
each point of a dense G; set, it contains an open set U with uncountably many 
components. 


Proof. Suppose X is a complete metric space that fails to be connected 
im kleinen at each point of a dense G; set Y and Y is the intersection of the 
open sets U;, U2.... 


*At the 1959 Summer Meeting of the American Mathematical Society J]. H. Case presented 
an abstract announcing another such continuum. 
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Assume that X fails to contain an open set U with uncountably many 
components. Let V,; be an open subset of U, of diameter less than }. It follows 
from the Baire Category Theorem that V, contains an open subset V2 such 
that 

V2C Vi- Us, 

diameter V2 < 1/2?, and 

V2 lies in a component of V;. 
Similarly, there is an open set V; satisfying 

V3C Ve- Us, 

diameter V; < 1/2’, 

V; lies in a component of V2. 


If one continues to get V4, Vs,..., one finds that X is connected im 
kleinen at V,-V2.... This contradicts the fact that V,-V2... is a point 
of Y. 


Grace (9) has given an example of a compact metric continuum that fails 
to be locally connected anywhere but which contains no open subset with 
uncountably many components. This shows that Theorem 2 cannot be 
weakened by replacing the property of not being connected im kleinen with 
the property of not being locally connected. 


Property 4. M contains no simple triod. A simple triod is the sum of three 
arcs such that the intersection of any two of them is the same point p. If M 
contained a simple triod, it would follow from the homogeneity of M that 
each component of U of Property 3 would contain a simple triod. This would 
violate the fact that the plane does not contain uncountably many mutually 
exclusive simple triods. See Theorem 4. 


Property 5. M contains no simple closed curve. Cohen showed (8) that if a 
bounded homogeneous plane continuum contains a simple closed curve, it 
is one. 


3. Arc components of M. An arc component of a set X is a subset 
of X maximal with respect to the property that each pair of points of the 
subset belongs to an arc in X. In this section we show that the closure of 
each arc component of the assumed homogeneous bounded plane continuum 
M is homogeneous. In doing this we find it convenient to work with only 
certain parts of the arc components. These parts are called rays and are 
defined as follows. 

Suppose ~ and g are two points of the same arc component of M. The 
sum of all arcs in M that have p as end point and contain q is called a ray 
starting at p. One may note that this ray differs from an ordinary ray of 
the plane in that it is neither straight nor closed. However, it has a starting 
point and is the image of an ordinary ray under a 1 — 1 continuous trans- 
formation. 
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Property 6. Each ray in M is the sum of a countable number of arcs. Let p 
be the starting point of a ray R and {p,} be a countable dense subset of 
R. Then R is the sum of the arcs pp;, ppe.... If there were a point r of R 
not in any pp;, we would consider the arc pr. It follows from the homogeneity 
of M that r is the interior point of an arc so pr may be extended to an arc 
ps so that r is contained in the interior of ps. Since M contains no simple 
triod, each p, belongs to the arc pr. However, {p,;} would not be dense in R 
since no ,; is near s. 


Property 7. For each point p of an arc component A of M, A is the sum of two 
rays R,, Rs starting at p such that R,-R2 = p. It follows from the homogeneity 
of M that ? is an interior point of an arc ad. It follows from the fact that 
M contains no simple triod (Property 4) that A is the sum of two rays starting 
at p and going through a, } respectively. Since M contains no simple closed 
curve (Property 5), these rays intersect only at p. 


Property 8. M has uncountably many arc components. If M had only count- 
ably many arc components, it would follow from Properties 6 and 7 that M 
is the sum of a countable collection of arcs. It would then follow from the 
Baire Category Theorem that one of these arcs contains an open subset of 
M. The homogeneity of M would then imply that M is a 1-manifold. However, 
the simple closed curve is the only compact connected 1-manifold. 


Property 9. If R is a ray of M and p is a point of R, one of the rays starting 
at p lies in R. If neither of the rays starting at p lies in R, p belongs to an 
arc ab in M such that neither a nor 6 is a point of R. It follows from Property 
8 and the homogeneity of M that there is an uncountable family {h.} of 
homeomorphisms of (ab + R) into M such that if a + B, ha(ab), hs(ad) 
belong to different arc components of M. 

It follows from Theorem 3 of § 4 that there is an arc A» of the collection 
|ha(ab)} with two sequences A;, A;,..., and As, Ay,..., of arcs of {h.(ab)} 
converging homeomorphically to A» from opposite sides. For convenience 
we suppose Ay = ab. Some two of the arcs A2;, A2i4; near Ao would separate 
some point of R from Ao in R and hence two points p, g of R from each other 
in R. But then the arc pg in R would cross either A; or A2i4; and violate 
Property 4. 


Property 10. If R is the closure of a ray of M, it contains a continuum R 
that is irreducible with respect to being the closure of a ray. Let D;, Do,..., be 
a countable basis of open sets for the plane and R,, Ro,..., be a sequence 
of rays such that 

1. Riss isa ray in R, missing D, if any ray in R, misses D,; Rigs = R,; if 
each ray in R, intersects D,. 

If p is a point common to the elements of the decreasing sequence R,, Re, 
R;,..., it follows from Property 9 that one of the rays R starting at p lies 
in infinitely many of the R,’s. Hence it lies in R,-R;-R;.... If R’ isa ray 
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in R, it follows from Condition 1 above that R’ intersects each D, that R 


intersects. Hence R’ = R. 


Property 11. If R is a ray in an arc component A of M, R = A. Assume p 
is a point in A — R. It follows from Property 10 and the homogeneity of M 
that p is the starting point of a ray R’ whose closure is irreducible with respect 
to being the closure of a ray. Then R’ does not contain R and there is a point 
q of R — R’. Let R” be a ray starting at q whose closure is irreducible with 
respect to being the closure of a ray. Since neither of the rays R’, R” con- 
tains the other and the starting point g of R” does not belong to R’, the 
rays R’, R” do not intersect. Either some point of pq belongs to both R’ 
and R” or some point of pq belongs to neither. We show that in either case, 
the assumption that R # A has led to a contradiction. 

If some point r of the arc pq fails to belong to R’ + R”, there is no ray 
starting at r whose closure is irreducible with respect to being the closure 
of a ray. This violates Property 10 and the homogeneity of M. 

If some point r of pq belongs to both R’ and R”, there are two mutually 
exclusive rays in A each missing r and such that r belongs to the closure of 
each. This violates the homogeneity of M since there are not two mutually 
exclusive rays in A each missing g such that qg belongs to the closure of 
each. 


Property 12. If the closures of two arc components of M intersect, the closures 
are equal. Suppose A,, A2 are two arc components whose closures contain 
the point p. Let A, be the arc component of M containing p. It foliows from 
Property 9 that one of the rays starting at p lies in A, and from Property 11 
that A, lies in A,. Similarly A, lies in A». It follows from Property 10, Property 
11, and the homogeneity of M that the closure of each arc component of M 
is irreducible with respect to being the closure of an arc component. Hence, 
As = Ay = A>. 


Property 13. The closure of each arc component A of M is homogeneous. We 


show that A is homogeneous by showing that if p is a point of A and g isa 


point of A, there is a homeomorphism of A onto itself taking p to g. The 
homogeneity of M implies that there is a homeomorphism h of M onto itself 
taking p to g. Since such a homeomorphism takes arc components onto arc 


components, it follows from Property 12 that h(A) = A. 


If g and r are points of A — A and one wishes a homeomorphism of A 
onto itself taking g onto r, one could use the preceding paragraph to show 


that there is a homeomorphism h, of A onto itself taking g to p and a homeo- 


morphism hz of A onto itself taking p to r. The required homeomorphism 
is hohy. 


4. Collections of arcs in the plane. In this section we digress from 
our consideration of homogeneity to consider collections of arcs in the plane. 


~__ 
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Theorem 3 is used in establishing Properties 9 and 15 but is of interest aside 
from these applications. 

We recall the following notions concerning the abutting of arcs in the 
plane E* Suppose ad, cd, and ef are arcs in E* such that ab-cd = ¢ and 
ab-ef = e are interior points of ab. Then cd and ef are said to abut on opposite 
sides of ab if there is a homeomorphism of E* onto itself that takes ab onto 
a horizontal segment and cd, ef onto vertical segments which lie except for 
their points of contact with ad on opposite sides of the line containing ab. 

A sequence of arcs A;, A2,..., is said to converge homeomorphically to an 
are A, if for each positive number ¢ there is an integer m such that if m < i, 
there is a homeomorphism of A; onto A,, that moves no point more than e. 

Suppose ab, cd, ef are arcs such that cd and ef abut on abd from opposite 
sides. A sequence of arcs A;, Ao, ..., converging homeomorphically to ab is 
said to converge homeomorphically from the cd side of ab if none of the arcs 
intersect ab and all but possibly a finite number of these arcs intersect cd. 
Two sequences or arcs converging homeomorphically to ad are said to converge 
homeomorphically from opposite sides if one of the sequences converges from 
the cd side of ab and the other from the ef side of ab. 


THEOREM 3. Jf W is an uncountable collection of mutually exclusive arcs in 
E*, then there is an element w of W and two sequences of elements of W con- 
verging homeomorphically to w from opposite sides. 


This result follows as a corollary of the following result which has a more 
cumbersome statement. 


THEOREM 3’. Each uncountable collection of mutually exclusive arcs in E* has 
a countable subcollection W’ such that each element wo of W — W' has the following 
property: 


For each pair of arcs cd, ef abutting on wo from opposite sides and each positive 
number « there are uncountable subcollections W,, W: of W — W’ such that 

1. each element of W, intersects cd, 

2. each element of W2 intersects ef, and 

3. for each element w of W, + We there is a homeomorphism of w onto wy 
that moves no point by more than e. 


Proof of Theorem 3’. Let W’ be the collection of all elements w of W with 
the property that there is an arc cd abutting on w from one side and a positive 
number ¢« such that no uncountable subcollection W, satisfies Conditions | 
and 3 of the statement of Theorem 3’. Theorem 3’ is established by showing 
that the collection W’ does not have uncountably many elements. Assume 
W’ is uncountable. 

For each element w, of W’ let v. be an arc abutting on w, from one side 
and ¢, be a positive number such that 

1. vy, intersects only a countable number of elements w of W’ such that 
there is a homeomorphism of w, onto w that moves no point by more than ¢€,. 
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Let «’ be a positive number so small that for an uncountable subcollection 
W” of W’, e’ will serve as the ¢«, for each element w, of W”’. 

Suppose 7 is a triod which is the sum of an arc ad and an arc cd abutting 
on «5 from one side. For each element w, of W”’ let h. be a homeomorphism 
of cd + cd = T onto w, + v, that takes ab onto w,. Let p denote the ordinary 
distance function for the plane. The homeomorphisms 4, may be regarded 
as points of a function space metrized as follows: 


D (ha, hg) = max p(ha(t), hg(t)). 
tT 


Then {h,} is a separable metric space and some element hp of it is a limit 
point of an uncountable order (each neighbourhood of ho contains uncount- 
ably many points of {h,}). 

Let H be the set of all elements of {h,} within }¢’ of ho and W’” be the 
set of all elements of W” that are images of ab under an element of H. We 
note that if w;, w2 are two elements of W’” then there is a homeomorphism 
of w, onto we. that moves no point by more than e’. 

For convenience we suppose that /o(ab) = we is the horizontal diameter 
of a unit circle C with centre at the origin and ho(cd) = vo is a vertical radius 
of C which extends upward. Also, we suppose «’ < 1. 

Since each element of H is within }¢’ of ho, each element of W’” intersects 
the y-axis. Let p. be the highest point where w, intersectsthis axis. Let p, 
be one of these p.'s which has uncountably many other p,'s above it. But then 
v, intersects all of the w,’s such that p, lies above p,. This contradicts the 
definition of v, given in Condition 4. The assumption that W’ was uncountable 
led to this contradiction. 


THEOREM 4. Suppose B, B;, Bz, ..., is a sequence of mutually exclusive arcs 
in E* such that B,, B;,..., and Bs, Bs, ..., converge homeomorphically to B 
from opposite sides. If C is a continuum intersecting each B, but neither end 
of B and h is a homeomorphism of C+ B+ B,+ B.+... into E*, then 
h(B,), h(B3),..., and h(B2), h(B,),..., converges homeomorphically to h(B) 
from opposite sides. 


Proof. The proof is divided into two steps. 


Step 1. C contains two subcontinua C,, C2 such that C, intersects all but 
possibly a finite number of the odd B,'s but no even B, and Cy intersects all but 
possibly a finite number of the even B,'s but no odd B,. With no loss of generality 
we suppose that B is the horizontal interval ab, that each odd B, intersects 
the perpendicular bisector of ab at a point above ab and each even B, inter- 
sects this perpendicular bisector at a point below C. The two continua C,, 
C; that we describe will lie except for their intersections with ab on opposite 
sides of the line containing ab. 

Let « be a positive number so small that neither @ nor 6 lies within « of C. 
Let K,, Kz be circles with centres at a, } respectively with radii equal to 
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se. Since we can throw away a finite number of B,'s, we suppose that for 
each B, there is a homeomorphism of B, onto B that moves no point by 
more than $e. 

Let X, be an arc of B, irreducible from K,; and K. and Y, be the arc from 
a to b obtained by adding to X, a radius of K,; and a radius of Ke». Each of 
Y,, Ys3,..., lies except for a, 6 above ab. We suppose that the ordering is 
such that Yo,,; is above (except at a, 6) Vous. 

Let D be the disc bounded by ab + y,. If each arc in D from a to 6 inter- 
sects C, it follows from the unicoherence of D that some component C, of 
D-C separates a from 6 in D. This continuum C, intersects each Y2,,; and 
is the C, promised in Step 1. If there is an arc in D from a to 6 that misses 
C, there is such an arc Z which intersects ab only at a, b. Let D’ be the disc 
bounded by ab + Z and X2;4; be an arc on the interior of D’. Any com- 
ponent C, of D’-C that intersects X2,,; intersects each X2,,,; (j > i) and 
this C, will serve as the C,; promised by Step 1. The continuum C; is obtained 
in a similar fashion. 


Step 2. If cd and ef are arcs abutting on h(B) from opposite sides and infinitely 
many of the h(Bo;41)'s intersect cd, all but a finite number of the h(B2,)'s inter- 
sect ef. We suppose with no loss of generality that h(B) = abd is a horizontal 
segment, cd is a vertical segment pointing upward from ab, and ef is a vertical 
segment pointing downward from ab. 

Let « be a positive number so small that neither a nor 6 is within « of 
cd + ef + h(C,) + h(C2). Following Step 1, we let K,, Ke be circles with 
centres at a, b respectively and radii equal to }¢. Since we can disregard 
any finite collection of the h(B,)’s, we suppose with no loss of generality 
that there is a homeomorphism of each h(B;) onto A(B) that moves no 
point by more than $e. 

We let X, be a subarc of A(B,) irreducible from K, to Ke and Y, be the 
arc from a to 6 obtained by adding to X , radii of K,; and K, respectively. Since 
infinitely many of the h(B2;,1)’s intersect cd, infinitely many of the Yo,4,'s 
lie above ab (except for a, 5). 

Suppose Y;, lies above ab (except for a, 6) and let D be the disc bounded 
by Y, + ab. Since each point of Int D is separated from ad by a Yo 4; and 
each Yo,;,; misses Co, C2 does not intersect the interior of D. Since no X>» 
lies interior to D (each intersects C2), all but a finite number of these X2,'s 
lie below ab. Hence, all but a finite number of the X>.,'s (and hence the 
h(Bz,)'s) intersect ef. 

Since all but a finite number of the A(B,)'s intersect cd + ef we suppose 
with no loss of generality that infinitely many A(B2,,;)'s intersect cd. It 
follows from Step 2 that all but a finite number of the A(B:,)’s intersect 
ef and by a repetition of Step 2 that all but a finite number of the 4(B2,,;)'s 
intersect cd. 

It is known that the plane does not contain uncountably many mutually 
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exclusive triods (3, Theorem 5, p. 254). In extending this result to higher 
dimensions it is convenient to think of a simple triod as having a topological 
l-simplex as base and having a feeler sticking out from an interior point of 
this base. The following theorem is a strengthening of this result concerning 
triods in the plane. 


THEOREM 5. Suppose W is an uncountable collection of simple triods in the 
plane such that each of these triods has a designated base and feeler. If no two 
of the bases of the elements of W intersect, some feeler intersects uncountably 
many bases. 


Proof. lf the bases are mutually exclusive, it follows from Theorem 3’ that 
there is a base by with uncountably many bases arbitrarily close on either 
side of bo. The feeler from 6) would intersect uncountably many of these 
nearby bases. 


5. The reduced continuum \/’. In this section we return to a study 
of the assumed homogeneous bounded plane continuum M studied in §§ 2 and 
3 which contains an arc but is not a simple closed curve. It follows from 
Properties 5 and 13 that if there is such an M, there is a continuum M’ that 
is the closure of one of its arc components. We list some properties that 
such an M’ would need to possess in order to show that there is no such M’ 
and hence no M. In §$§ 5, 6, 10, we use M’ to denote a homogeneous bounded 
plane continuum one of whose arc components is dense in M’ but which is 
not a simple closed curve. 


Property 14. If C is a non-degenerate subcontinuum of M' that is not an arc, 
C intersects uncountably many arc components of M’. This is true by Property 8 
if C = M’ so we suppose C is a proper subcontinuum of M’. Let p be a point 
of M’ — Cand A be the arc component of M’ containing p. Since each ray 
is dense in M’, there is a sequence of points p;, p_1, po, p-2,..., of A —C 
such that A is the sum of the arcs p,p,,, and no two of the p,f,,,'s intersect 
except possibly at an end point of each. If one considers the intersections of 
these arcs p;p;.; with C, one finds that A - C is the sum of a countable collection 
of mutually exclusive closed sets. Since no continuum is the sum of a count- 
able number more than one of mutually exclusive closed point sets, C inter- 
sects uncountably many arc components of M’. 


Property 15. Each non-degenerate proper subcontinuum of M’ is anarc. lf M’ 
contains a non-degenerate proper subcontinuum C that is not an arc, it follows 
from Property 14 and the fact that each ray is dense in M’ that M’ contains 
an uncountable collection of mutually exclusive arcs each of which intersects 
C but no one of which has an end on C. It follows from Theorem 3 of § 4 
that there is one of these arcs B that has two sequences of arcs B,, B;,..., 
and Bo, By, ..., of the arcs converging homeomorphically to B from opposite 
sides. It follows from Theorem 4 of § 4 that under no homeomorphism / of 
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C+ B+ B, + B;,... into the plane is the image of any interior point of 
B accessible from the complement of h(C + B + B, + B.+...). This 
violates the homogeneity of M’ since some points of it are accessible from 
the complement of M’. 


Property 16. M’ is indecomposable. If M’ were the sum of two proper sub- 
continua, it would follow from Property 15 that these subcontinua were 
arcs. The only homogeneous continuum that is the sum of two arcs is a simple 
closed curve. 


6. Continua each of whose proper subcontinua is an arc. A solen- 
oid is a non-degenerate homogeneous compact continuum each of whose 
proper subcontinua is an arc. Other examples are not at hand. We note that 
Property 15 shows that M”’ has this property. The following question is 
related to the last two given in § 1. 


Question. Are solenoids the only non-degenerate homogeneous compact 
continua each of whose proper subcontinua is an arc? 


Theorems 7 and 9 answer this question in the affirmative for the cases of 
tree-like and circle-like continua. 

In developing the following property, we use merely the fact that each 
proper subcontinuum of M’ is an arc (Property 15) rather than the facts 
that M’ is homogeneous and lies in the plane. 


Property 17. For each positive number « and each arc xy in M’ there is an 
e-chain d,,d2,...,d, covering xy such that x, y belong to d,, d, respectively 
and M'-Bd ¥ d,; C d; + d,. Let e, e2,..., e, be an e-chain covering xy such 
that x, y belong to e:, e, respectively. There are open sets QO), O» in e), e2 
respectively such that xy is an arc component of M’ — (O,; + Oz). It follows 
from Property 15 that xy is a component of M’ — (O,; + O,). 

Since no component of M’ — (O, + O2) intersects both xy and M’ — Ye,, 
then M’ — (O, + O2) is contained in two mutually exclusive open sets 
A, B such that xy C A, M’ — De, C B (see 13, Theorem 35, p. 21). The 
link d; of the chain d;, de, ...,d, is defined to be e,-(A + O; + Oz). 

Since 


M’: Xd, = M’-A + M’-(B+0,4+ 0s): Dd,C Ld, + (0, + Os), 
one finds on subtracting }-d, fromthe ends of the above inequality that 
M’-Bd & d, C 0, + 0: Cd, + d,,. 


Property 18. For each positive number « there is a positive number 6 such 
that if ab is an arc in M’ such that p(a, b) < 6, then either diameter ab < « 
or ab is « dense in M’. Assume that there is no such 6. Then for each integer 
i there is an arc a,b; in M’ such that 
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p(a;, b;) < 1/4, 
diameter a,b; > «, 


a,b; is not « dense in M’. 


Some subsequence of a,b;, debe ,..., converges to a non-degenerate proper 
subcontinuum. Hence it is an arc. Some subarc of this arc is the limit of a 
folded sequence of arcs in M’ (each in an a,b,). The assumption that there 
is no 6 leads to the contradiction of Theorem 6 of the next section. 


Property 19. If a point p of M' is accessible from a component U of E* — M’, 
each point of any arc in M’ containing p is accessible from the same side that 
p is. Let xy be an arc containing the two points /, g on its interior. With no 
loss of generality we suppose that xy is horizontal, g is between p and y, 
and rp is a vertical interval lying except for p below xy and in U. We show 
that g is accessible from U from below. 

Let 


« = min p(r, p), p(x, p), 5o(g, ¥), 


5 be the positive number promised by Property 18, with 6 < «, and D bea 
5-chain covering xy and satisfying the conditions of Property 17. We use 
D* to denote the sum of the links of D. If q is not accessible from U from 
below, there is a point s in M’-D* which is beneath the point g. Let ab be 
an arc in M’-D* containing s such that ad lies below xy and each end of ab 
is in an end link of D. The arc rp prevents either a or 6 from being in the 
end link of D containing x so p(a, b) < 6. Also, ab is not e dense in M’ since 
it is not near x. However, diameter ab > « since }p(q, y) > «. The assumption 
that g was not accessible from U from below led to a contradiction of Prop- 
erty 18. 


7. Folded sequences of arcs. A solenoid is an example of a homogeneous 
continuum each of whose proper subcontinua is an arc. The arcs in this 
continuum seem to run in a parallel fashion and not to “‘zig-zag’’ or ‘fold 
back.”’ We find from Theorem 6 that such folding is impossible in a homo- 
geneous continuum each of whose proper subcontinua is an arc. No use is 
made of the fact that the continuum lies in the plane. 


Suppose 4@);, debe, ..., is a sequence of arcs converging (not necessarily 
homeomorphically) to an arc xy. The sequence is called a folded sequence 
converging to xy if a1, b1, de, be, ..., converges to x. 


THEOREM 6. Suppose X is a homogeneous compact continuum each of whose 
proper subcontinua is an arc. Then no folded sequence of arcs in X converges 
to an arc. 


Proof. Assume @1);, deb2,..., is a sequence of arcs converging to an arc 
xy such that ay, b;, a2, b:,..., converges to x. If « < }p(x,y), y has the 
following property: 
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Property (y, «). For each positive integer m there is a 1/nm chain E such 
that X intersects each link of E, the distance between y and the first link 
of D is less than 1/n, the distance between the end links of E is more than 
«, and X- Bd E* lies in the closure of the last link of EZ. 

We can obtain such an E£ as follows. 

1. Let D be a 1/n chain covering xy such that the first link of D contains 
y, the last link contains x, and for each other link d, d-X C D*. The existence 
of such a D is guaranteed by the proof given in Property 17 of the last 
section. 

2. Let a,b, be an arc of the folded sequence converging to xy such that 
each of a;, 5; lies in the last link of D, some point of a,b, lies in the first link 
of D, and D covers a,b,. 

3. Let D’ be a chain covering a,b, such that D’ refines D, the first and 
last link of D’ lie in the last link of D, some link of D’ lies in the first link 
of D, and X - Bd D’* lies in the sum of the closures of the two end links of D’. 

Then E can be formed as follows. The jth link of E is the sum of the 
elements of D’ in the jth link of D. 

Let X(«) be the set of all points y of X such that y has Property (y, e). 
Then X (e€) is closed and it follows from the homogeneity of X that each point 
of X belongs to some X(e) for some e«. It follows from the Baire Category 
Theorein that there is an integer m and an open set U such that U C X(1/m). 

We obtain a sequence of chains E;, Ee,..., such that 

1. FE; is a 1/% chain such that the distance between its end links is more 
than 1/m, 

2. X-Bd E;* lies in the closure of the last link of E,, and 

3. the first link e,' of FE, lies in U, and the closure of the first link e,‘*' 
of each E,,, lies in the first link of F,. 

The intersection of the e,"s is a point that cannot be the interior point 
of any arc in X. This contradiction results from the false assumption that 
there is a folded sequence of arcs in X converging to an arc. 

The following result gives an immediate application of Theorem 6. The 
result is not needed in the proof of Theorem 1 but it can be used in lieu of 
Property 19 in finishing the proof of Theorem 1 for the case where M does 
not separate the plane, since each 1-dimensional bounded plane continuum 
that does not separate the plane is tree-like (3). 


THEOREM 7. There exists no non-degenerate, homogeneous, tree-like continuum 
each of whose proper subcontinua is an arc. 


Proof. Assume X is a non-degenerate, homogeneous, tree-like continuum 
each of whose proper subcontinua is an arc. It follows from (10) that X is 
indecomposable. Let D,; be a 1/12 tree-chain covering X and a,b, be an are 
in X such that both ends of a,b, lie in the same link of D,; and 


diameter X/4 — 1/1 < diameter a,b, < diameter X/2. 
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Such an arc a,b; may be found by considering an arc of large diameter in X 
both of whose ends lie in the same link of D,, reducing this arc by throwing 
away the part of it in this link and considering one of the larger components 
of the remainder, reducing the component in a similar fashion, . . . , and 
stopping this reduction when an arc of the required diameter is found. 

Some subsequence of @);, debe, ..., converges to a proper subcontinuum 
of X. It follows from the hypothesis that this subcontinuum is an arc ab. 
However, there is a folded sequence of arcs (each in one of the a,,’s) con- 
verging to a subarc of ab. This contradicts Theorem 6. 


8. A nearly homogeneous example. Consider the example Y shown 
in Figure 1. At a glance it might appear to be homogeneous. The example 
Y intersects the x axis in a Cantor set and is the sum of semicircles with 
ends on this Cantor set. Also, the example may be obtained by starting 
with a punctured disc with three holes and digging canals into the disc from 
the four complementary domains of the punctured disc. 








FIGURE | 


The canal from the unbounded complementary domain may be defined in 
terms of its right bank as follows. Let po be the point furthest to the left of Y 
and consider the ray R starting at fo, going along the upper semicircle of X, 
then along the lower right semicircle, and then down the right bank of the 
canal leading from the unbounded complementary domain of Y. Let p; be 
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the first point on R which is between py and 4 on the x axis, pe be the first 
point of R that is between po and p; on the x axis, and in general, p,4, is 
the first point of R that is between py and p; on the x axis. 

As viewed from C, pop; circles C. However, it circles neither A nor B when 
viewed from A, B respectively. Furthermore, pops circles B and C but not 
A, pops circles B, pop, circles A and B, pops circles A, pope circles A and C, 
pop circles C.... The other canals from 4A, B, C run between the canals 
from the unbounded complementary domains and each canal is dense in Y. 
Figure 1 does not show the banks of the canals from A, B, C but shows only 
an arc on the outer bank. This arc does not separate the plane. There are 
points of X not shown in the figure that are nearer 4, B, C than any point 
on the outer bank. These points keep the complementary domains con- 
taining A, B, C from running into each other. 

We could write the equation of Y by giving functions f, g such that (x, f(x)) 
are abscissas of the ends of semicircles of Y in the upper half-plane and 
(x, g(x)) are the abscissas of the ends of semicircles of Y in the lower half- 
plane. However, we shall not do this since we are interested in Y's topological 
properties rather than its equation. 

Example Y is locally homogeneous—that is, for each pair of points p, g 
of Y there are arbitrarily small homeomorphic open subsets V,, .V, con- 
taining p, g respectively. In fact, the open subsets may be taken to be homeo- 
morphic with the Cartesian product of a Cantor set with an open interval. 

Also, example Y is nearly homogeneous—if p and g are points of Y, then 
for each open subset U of Y containing qg there is a homeomorphism of Y 
onto itself taking p into U. One may see that this is true since each arc com- 
ponent is dense in Y and each arc lies in an open subset homeomorphic with 
the Cartesian product of a Cantor set and an open interval. See (7) for a 
discussion of various types of homogeneity. 

However, M is not homogeneous. If it were, for each positive number « 
and each point p there would be a homeomorphism / of Y onto itself such 
that #4 moves no point by more than ¢e and p, h(p) belong to different com- 
posants of Y. (See Theorem 8 of § 9.) Suppose that «¢ is taken to be less than 
the distance across the canal leading from the unbounded complementary 
domain at a wide point and p is taken to be the highest point of Y. There is 
a canal leading from the outside that locally separates p from h(p) in the 
plane. As p is moved parallel to this canal and in the direction of its wide 
spot, the canal continues to separate the moving p from the corresponding 
h(p). However, as the canal widens, it is no longer possible for p to be within 
« of its image under h. 

This intuitive reason of why Y is not homogeneous is refined in § 10 to 
establish Property 20 and finish the proof of Theorem 1. 


9. Homeomorphisms near the identity. In indicating why the nearly 
homogeneous Example Y of § 8 is not homogeneous, we made use of the 
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fact that if Y were homogeneous there would be a homeomorphism of Y 
onto itself that does not move any point far but which takes one arc component 
of Y onto another. We formalize this in the following theorem. 


THEOREM 8. If p is a point of a homogeneous, compact, indecomposable, 
non-degenerate continuum X, then there is a sequence of homeomorphisms hy, 
ho, ..., converging to the identity such that no two h;—'(p)'s belong to the same 
composant of X. 


Proof. Let {xa} be an uncountable collection of points all belonging to 
different composants of X and A, be a homeomorphism of X onto itself that 
takes x, to p. 

If the collection of homeomorphisms {h,} is metrized by the distance 
function 


D (ha, hg) = max p(he(x), hg(x)), 


rex 
the collection {ha} becomes an uncountable subset of a separable metric 
function space and some sequence hy’, he’, .. . , of elements of {h,} converges 
to an element fy’ of {hk}. Then 


1 
h, = hihi. 


Since x3, X2,..., belong to different composants of X, ho’ (x1), Ao’ (x2),..., 
also belong to different composants. These are the h;~'(p)’s. 


10. M’ contains a folded sequence of arcs. In this section we com- 
plete the proof of Theorem 1. We showed in §§ 2 and 3 that if there is a 
homogeneous bounded plane continuum M that contains an arc, there is one 
such M’ each of whose proper subcontinua is an arc. Theorem 6 showed that 
no such M’ contains a folded sequence of arcs converging to an arc. Finally, 
we show that there is no such M’ except a circle, for if there were, it would 
have the following property. 


Property 20. M’ contains a folded sequence of arcs converging to an arc. Let 
dod¢ be an arc in M’ which is accessible from a component of E? — M’. With 
no loss of generality we suppose that dodg is horizontal and a, de, ... , ds are 
points of aoa, such that 


abscissa a; = i (2 = 0,1 


We suppose furthermore that dod is accessible from HE? — M from below. It 
follows from the methods used in establishing Property 19 that there is a 
positive number e; such that 


no point of M’ below dod¢ is within ¢, of ajds. 


Assume M’ contains no folded sequence of arcs converging to an arc. Then 
there is a positive number ¢2 such that if D is an e-chain covering a,a5 with 
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da, in one end link of D and a; in the other, then each arc of M’ being covered 
by D and having both ends in the same link of D is of diameter less than }. 
Note that e. < 3. Let D be such an ¢2 chain covering a,a,5 satisfying conditions 
of Property 17. 

Let rs be an arc such that rs lies above a,a;; rs misses M’: rs is irreducible 
from the vertical line containing a, to the vertical line containing as; the 
vertical segments ra,, sas lie in end links of D, and each point between rs 
and aj,d; lies in a link of D. We find that there is such an rs as follows. Cover 
aoa¢ by a chain of small mesh satisfying the conditions of Property 17, con- 
sider an accessible point of M’ above a; and in one link of this chain, and 
note from Property 17 and Theorem 6 that this point lies in an accessible 
arc in M’ slightly above doa, and with ends near the ends of aoa¢. It follows 
from Property 19 that there is an arc in the complement of M’ slightly to 
one side of this first arc. It is this second arc that contains rs. 

Let K be the topological disc bounded by ajds5, ayr, rs, and ass. We note 
that if p is a point of M’-K that is above a2a,, then the closure of the com- 
ponent of M’-Int K containing p is an arc irreducible from ay,r to ags. If it 
were not, an arc being covered by D and having diameter more than 4 would 
have ends in the same link of D. 

Let 

€; = min («, p(rs, M’)). 


It follows from Property 18 that there is a positive number ¢4 such that if 
ab is an arc in M’ with p(a, 6) < «4, then either 


diameter ab < €3, or 
ab is €; dense in M’. 


Let A be the arc component of M’ containing a;. It follows from Theorem 8 
that there is a homeomorphism h/ of M’ onto itself that moves no point by 
more than e, and which takes a; into a point of M’ — A. Then h(a;) is a 
point of K and lies above aza4. Also, h(a;) lies on an arc in M’-K that is 
irreducible from a,r to dss. 

Since A is dense in M’, there is an arc xy in A-K such that xy is irreducible 
from ayr to ass and xy separates (as) from a,a; in K. By considering points 
slightly above a; we find that xy has the following property. 


Special Separating Property. The arc xy separates two points of K-(M’ — A) 
from each other in K such that the first of the points is above a; and the 
other is the image of the first under A. 

Let x1Xox3...X2, be the arc in A such that xyx2 = XY, Xen 1X2, = G05, and 
X 1X2, XyX4, XpXe, . . - » X2n—1X2, are the closures of the components of x1X 2x3... Xan° 
Int K that are irreducible from ar to ass. Then x,x2 has the special separating 
property but x2,—1%2, does not. 

We now show that if x2; -;x2; has the special separating property, then so 
does X2;41%2;42. The resulting contradiction arises as a result of consequences 
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of our false assumption that there is an M’ that contains no folded sequence 
of arcs converging to an arc. 

Suppose p, A(p) are points of K-(M’ — A) such that p is above a; and 
X2;~1X2, separates p from h(p) in K. For convenience we suppose that x2;41%2442 
is below x2;-1X%2; and h(p) is above x2;1x2;. (Other cases are handled with 
similar arguments to that given in this case.) Then x2;4:%2;42 separates p 
from h(p) in K unless p is above x2;41%2;42, So We suppose p is between x2; 1X2, 
and X2;41%2442. Our proof now breaks down into two cases. 

Case 1. If x2;, X2441 belong to the same one of ayr, ass, (see Figure 2). Let tu 
be the closure of the component of M’-Int K containing p. It is an arc irre- 
ducible from a,r to ass. We suppose u belongs to the vertical line through 


a, containing xe; and X24. 


























Figure 2 


Suppose a point moves in an arc in M’ through p, past u, and (vw) is the 
next component of M’-Int K it meets whose closure vw is an arc irreducible 
from air to ass. Let g be a point of vw directly above a;. It follows from the 
Jordan curve theorem that g lies between x2; 12; and %2;41%2;42. Also, g¢ is 
below tu and p(q, X2;-1X2;) > «4 or else the arc tuvw contains an arc ab such 
that 

p(a, 5) < €4, 
diameter ab > «, and 
p(ab, a4) > €3. 
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If g were above tu, we would take p = a and let 6 be a point of vw between 
p and xX2;~:X2;. If g were below tu and p(q, X2;-1%2;) < €4, we would take g to 
be 6 and a to be a point of tu between g and x2;_;X2;. Since the existence of 
such an are ab violates the definition of ¢4, we suppose that 


p(q, Xa1-1% 21) > €4. 


We now show that x2;4:%2;42 separates g from A(g) in K. Note that g is 
above Xo,4.1%2442. 

Consider the simple closed curve J that is the sum of a vertical interval 
in K above a, and an arc in %X2;-1%2442 that contains x2,%2,4;. Note that no 
point of the arc pq in M is within e, of this vertical part of J above ay. Asa 
point moves from p to qg, the image of the point under / does not intersect 
J. Hence, A(q) is either above x2;-1%2; or below X2;41%2442. It is not above 
Xo;-1%2,; because p(g, X21-1X21) > €4 and p(g,h(q)) < e4. Hence xei41%2442 has 
the special separation property. 


Case 2. If xo; and X2;4,; belong to different vertical lines, see Figure 3. We 
. J £ 
suppose X2;, UM, X2442 belong to ass and define vw and gq as in Case 1. 
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If v is below xX2i41%2142, g is below X2i41%2442 and f(g) is above. 

If v is above X2:41%2;42 it is between the points x2; and x2;42, g is between 
Xoy-1X2, ANd X2441%2442, and h(q) is above x2;-1%2;. Since each of p, g is within 
€, Of X2;-1%2;, it follows as in Case 1 that tuvw contains an arc ab such that 
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p(a, b) < «&, 
diameter ab > €;, 
p(ab, de) > €3. 


These conditions violate the definition of €.. 

We note that in establishing Property 20 we used properties of the plane 
or 2-sphere and not just properties of an arbitrary 2-manifold alone. If this 
could be by-passed, one might get an affirmative answer to the following 
question. 


Question. Suppose X is a 1-dimensional homogeneous compact continuum 
that contains an arc and lies on a compact 2-manifold. Is X necessarily a 
simple closed curve? 


11. Circle-like continua and tree-like continua. Solenoids and a 
circle of pseudo-arcs are the known examples of homogeneous circle-like 
continua. Since each proper subcontinuum of a circle-like continuum is 
snake-like and each homogeneous non-degenerate snake-like continuum is a 
pseudo-arc, one might suspect that the answer to the following is in the 
affirmative. 


Question. Does each homogeneous circle-like continuum other than a 
solenoid contain a pseudo-arc? We do not provide an answer. 


THEOREM 9. Each homogeneous circle-like continuum that contains an arc is 
a solenoid. 


Indication of proof. This theorem is much easier to establish than Theorem 
| but the same method of attack may be used. 

By using rays as in § 3, it may be shown that the homogeneous circle-like 
continuum X contains a non-degenerate subcontinuum X’ such that each 
proper subcontinuum of X is an arc. In proving the counterpart of Property 
9, we cannot use Theorem 3 (which is a theorem about the plane) to show 
that ab + R cannot lie in X, but instead we use the fact that each proper 
subcontinuum of X is snake-like to prove this. 

We may as well suppose that X’ = X, for if it is not, it is snake-like, it is 
a pseudo-arc (5), and it contains no arc. 


We finish the indication of proof of Theorem 9 by showing that there is a 


sequence of circular chains (open coverings whose 1-nerves are simple closed 
curves) D,, Ds,..., covering X such that 

1. Dis: is a refinement of D,, 

2. Dis, circles around D.n, times without any folding back, and 
3. the mesh of D,,, is less than 1/2‘ times the distance between any two 
non-adjacent elements of Dj. 

It is then only a matter of getting an open covering of a similar kind of 
the solenoid which is the intersection of the tori 7, ,72,..., where 744, 
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winds about 7°, nm, times and use the two coverings to get a homeomorphism 
of X onto the solenoid. (D,,,; is said to fold back in D, if D, contains two 
adjacent links d,, d,, and D,,; contains a subchain E such that each link 
of E lies in either d, or d,, each end link of EF intersects d, — d, but not each 
link of E lies in d,.) 

Suppose that D, has already been obtained and it is such that there is a 
positive number ¢ such that if D’ is any circular chain of mesh less than « 
covering X, then D’ refines D; and circles about D, without any folding 
back. We show how to get D,,,;, With no loss of generality we suppose that 
« < 1/2‘ times the distance between any two non-adjacent elements of D,. 

We apply Theorem 6 to show that no folded sequence of arcs in X converges 
to an arc. Hence, there is a 6 such that if ad is an arc of diameter greater 
than «/14, no 6 chain D” covers ab in such a way that both a, 6 lie in the 
same link of D’’. We suppose 6 < ¢«/14. 


Let D be a 6 circular chain covering X with its links ordered d,, dso, .. . ,d,. 
Let d,, = d,; d,, is the first link of D whose distance from d,, is more than 
e/14; d,, is the next link of D after d,, whose distance from d,, is more than 
e/14.... Let d,,,_, or d,,, be the last such link obtained. 


The first link of D,,; is the sum of the links between d,, and d,, inclusive; 
the next link of D,,, is the sum of the links of D between d,, and d,, inclusive; 

. ; and the last link of D,,,; is the sum of the links between d,,,_, and d,, 
inclusive (this link contains d, and d,). Each link of D,,, other than the last 
is of diameter less than 4¢€/14 + 76 and the last is of diameter less than 
5e/14 + 96. In either case, D is of mesh less than «. If D’ is a refinement of 
D4; of mesh less than 6, D’ circles about D,,, without any folding back. 

A triodic continuum is the sum of three continua A, B, C such that 
A-B = A-C = B-C isa proper subcontinuum of each of A, B, C. Theorem 
7 did not provide an answer as to whether or not each homogeneous tree-like 
continuum fails to contain an arc. Our methods do not give this because 
we fail to prove the counterpart of Properties 4 and 9. 


THEOREM 10. A homogeneous tree-like continuum contains no arc if it contains 
no triodic continuum. 


To establish Theorem 10 we use the hypothesis that the continuum contains 
no triodic continuum to establish the counterpart cf Property 9. Property 15 
then follows and reduces Theorem 10 to Theorem 7. 
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SUR LA COHOMOLOGIE NON ABELIENNE I 
(dimension deux) 


PAUL DEDECKER 


1. Introduction. On sait que la définition de la cohomologie d'un espace X 
4 coefficients dans un faisceau @ de groupes non abéliens est liée a la classifi- 
cation de certains types d’espaces fibrés principaux de base X (1; 8; 10). 
Cette cohomologie se définit assez facilement en dimensions zéro et un, mais 
pour certains problémes, il serait utile de pouvoir la définir en dimension deux 
également. 

J'ai abordé la question dans (3; 6) mais un certain nombre de difficultés 
subsistaient qu’il semble utile de chercher a éliminer, ce qui est l'objet de la 
présente note. 

Remarquons d’abord que la définition de H°(X, G), groupe des sections de 
®, est triviale, aucune difficulté ne résultant du caractére non abélien de G. 
En ce qui concerne H'(X, @) une difficulté nait du fait que cet ensemble n'est 
plus un groupe, méme non abélien; il posséde toutefois un élément neutre 
privilégié. Par contre on ne voit pas du tout comment définir un H?(X, @); 
plus précisément on ne sait pas comment caractériser un 2-cocycle parmi les 
2-cochaines, ni @ fortiori les classes de 2-cocycles qui constitueraient des 
classes de 2-cohomologie. Une solution avait été proposée dans (3) en appelant 
2-cocycle une 2-cochaine qui devenait un cobord par un plongement conven- 
able du faisceau © dans un plus grand faisceau § et par une définition des 
classes destinées 4 prolonger jusqu’en dimension deux la suite exacte de coho- 
mologie associée 4 une suite exacte de coefficients. Cette solution n’était qu’im- 
parfaite pour deux raisons: 1. la cohomologie H® obtenue était tronquée, c’est- 
a-dire ne redonnait qu'une partie de la cohomologie usuelle dans le cas abélien; 
2. les classes de 2-cohomologie n’étaient plus des classes d’équivalence. (La 
version proposés dans (6) éliminait cette derniére difficulté mais pas la 
premiere. ) 

Par aprés, j'ai remarqué que l’on pouvait récupérer une structure algébrique 
en dimension un a condition de plonger l'ensemble H'(X, G) dans un groupoide 
§'(X, G) se réduisant au groupe de cohomologie usuel dans le cas ot © est 
abélien et possédant par ailleurs une signification géométrique intéressante. 
Toutefois afin de conserver la technique des suites exactes il devenait nécessaire 
de plonger les H°(X, @) dans de nouveaux ensembles $°(X, G) munis égale- 
ment d’une structure de groupoide adéquate (et non nécessairement unique). 

Il est assez remarquable qu l'utilisation de groupoides en dimension un 
permet de donner une solution aux difficultés rencontrées pour définir un 
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H?(X, @). C’est cette solution que nous exposons ici sans nous occuper de 
récupérer une structure algébrique. Celle-ci demanderait qu'il soit fait appel 
& ce que nous avons appelé des “‘espaces fibrés non holonomes’’ (6) et impli- 
querait en outre un nouvel élargissement des groupoides ' et §°. 


2. Systéme @ de coefficients non abéliens. Rappelons qu'un faisceau de 
groupes sur un espace topologique X est un nouvel espace G satisfaisant aux 
conditions suivantes: 

(1) il existe une application continue p de & sur X appelée projection; 

(2) tout point g € G posséde un voisinage ouvert U tel que la restriction 

p|U soit un homéomorphisme de U sur un ouvert de X; 

(3) chaque @, = p-'(x), x X, est muni d’une structure de groupe 
d’unité e, telle que les applications x — e,, g > g~', (g,h) > g.h (res- 
pectivement de X dans G, de G dans G, de G Xx G dans G) soient 
continues. (On note G Xx @ l'ensemble des couples (g,h) © G©@ XK G 
tels que p(g) = p(h).) 

Les ensembles G,, x € X sont appelés les tiges du faisceau G. 

Pour tout groupe G, notons /(G) le groupe de ses automorphismes intérieurs, 
quotient de G par son centre Z(G). Si G est un faisceau de groupes, soit 9) 
l’intérieur de la réunion des Z(Gx). Le quotient G/¥) est un nouveau faisceau 
noté $(@G) et appelé faisceau des automorphismes intérieurs de G. On a pour 
tout x une surjection canonique 7, et une surjection globale 7: 


i,: @, > 3, i: G@ > &. 


La topologie de & est définie de telle sorte qu’une section locale s: U - § 


; 
x 
(U ouvert de X) soit, dans un voisinage V de tout point x U de la forme 
s = it ob t: VG est une section locale de & (topologie telle que i soit un 


homomorphisme de faisceaux). 
N.B. Par “section’”’ on entend ‘‘section continue.”’ Par ‘application locale” 
définie sur un espace X, on entend une application définie sur un ouvert de X. 
Soit maintenant %{ un nouveau faisceau de groupes sur X qui soit un faisceau 
de groupes d’opérateurs sur @ et supposons donné un homomorphisme 


p: G8 > 
tel que 
(2.1) pour tout g € G,, p(g) opére comme l’automorphisme intérieur 
défini par g: p(g)y = gyg, y © G,; 


(2.2) sia € A, et g G,, on a (dans A, la multiplication y étant notée o) 


pla(g)] oa = ao p(g) ou pla(g) | aop(g)oa 


Exemple. Les conditions précédentes sont par exemple vérifiées si © est un 
sous faisceau normal d’un faisceau § de groupes sur X et si A = Y(@), p 
étant induit par l’inclusion @ — §. Ou encore si Uf est un faisceau de groupes 
d’automorphismes de & contenant §(@) et © — W l’application canonique. 
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Définition 2.1. Un triple @ = (G, p, A) satisfaisant a ces conditions sera 
appelé un systéme de coefficients pour la cohomologie (non abélienne). 


Remarque 2.1. Un simple faisceau @ contient suffisamment d'informations 
pour construire un groupe de cohomologie de dimension zéro et un ensemble 
ou un groupoide de cohomologie de dimension un. Toutefois dans ce groupoide 
un faisceau d’automorphismes intervient de fagon cachée et il doit @tre ex- 
plicité si l'on veut pouvoir écrire des suites exactes de groupoides. 


a 


Remarque 2.2. Le cas usuel en cohomologie—que nous appelerons dans la 
suite le cas des coefficients abéliens—est celui o G est un faisceau de groupes 
abéliens et od & est le faisceau trivial tel que le groupe U%, pour tout x © X 
soit réduit au seul élément unité et ot p est l'homomorphisme trivial. Bien 
entendu si Wf est différent de ce faisceau trivial, © étant cependant abélien, 
on ne se trouve déja plus dans le “‘cas abélien.”’ 

Afin d’étre complets, rappelons encore la définition d'un groupoide, cas par- 
ticulier des systémes multiplicatifs. 


Definition 2.2. On appelle systéme multiplicatif un ensemble muni d'une loi 
de composition non partout définie appelée multiplication. Dans un tel systéme 
on appelle unité tout élément e tel que si un composé ex ou xe est défini, 


ce composé est toujours égal a x. Deux unités composables sont donc égales. 


Definition 2.3. On appelle groupoide un systéme multiplicatif satisfaisant 
aux propriétés suivantes: 

G1. Si l'un des éléments x(yz) ou (xy)z est défini, l'autre l’est et ils sont 
égaux; 

G2. a tout x correspondent des unités e, et ,e telles que les composés x e, 
et .e x soient définis; 

G3. a tout x correspond un x’ tel que x’x soit défini et égal a e,. 


Propriétés des groupoides: 

1. Les unités e, et ,e sont uniquement définies par x. 
2. Un composé xy est défini si et seulement si e, = ye. 
Une unité est toujours composable avec elle-méme. 

1. Le composé xx’ est toujours défini et vaut -e. 

5. Une égalité yx = 2x (resp. xy = xz) entraine y = 2; donc x’ est unique 


ment défini par x; ou le note x". 


3. Cochaines a valeurs dans ®. Le systéme @ étant choisi une fois pour 
toutes, considérons un recouvrement ouvert U = (U,),, de X. Pour une 
suite 7;,..., 7%, d’indices, on posera comme d’habitude 

U,,....0 = Ui 1rV... 1° Uy. 


Considérons les couples (g;,, @;;) de sections locales 


giz: Uy 2 G, ayy: Ll > W. 
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Définition 3.1. Ces couples sont appelés |-cochaines (de U a valeurs dans 


); on vérifie qu'ils forment un groupoide €'(U, &) si l'on adopte une loi 


de composition pour laquelle un produit 


(3.2) (244 4s) + (ey, ay) 
est défini si a, = p(gi;)ay; et est alors égal a 
(3.3) (24 j2 i4, Oi;). 


Définition 3.4. La cochaine (g;,, a;;) est dite alternée si 


(3.9) Aig = Aji, ai, = 1, 
(3.6) ij = Qi; (g5i), gi = 1. 


PROPOSITION 3.7. Les cochaines alternées forment 
©,'(U, &) de €' (Ul, &). 


Démonstration. Supposons le produit (3.2) défini, ses 


une sous-groupoide 


facteurs étant des 


cochaines alternées; il suffit de montrer que sa valeur (3.3) vérifie 


Or ona 


, l ls 
Big Big = Big Mig Sst ) Riz Big = His SiiQ 


4. Cochaines de dimension deux. 


C.q.f.d. 


Définition 4.1. Une 2-cochaine de Ul a valeurs dans ® est un triple (a,,’ 


Y ise, &:) de sections locales 


P a 
Qi ;4, 243: > W, Vizx: ( ijk +0) 


tel que dans U; » on ait 


5 , , , = 
(4.2) Ob 5 8 iO = PV ijn) Xiph uAgi- 


Ces cochaines forment un groupoide @*(U, ®) si l'on convient qu'un produit 


(6 ,6 zr, hla » Y ry a 


est défini si et seulement si 6 a’,; et est alors égal a 


(Bi, 0 jk” V ijks 


Cette définition est légitime car si les deux facteurs sont des cochaines il en 


est de méme du produit. 


Pour toute 1-cochaine (g, a) (gij, @:)) ON posera 
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(ga)is = P\ gis) O Qij, 


Ziy = 21, defini dans U,,;, gk = acs(g ye) défini dans U; », 
Ben = ay; O yx (Bes), défini dans U;,;, etc... . 
‘ - k 
(4.3) (Go) ise = Sty" Bye Ber - 


On remarquera que la premiére des conditions (3.6) de l’alternation d'une 
l-cochaine (g, a) s’écrit 


1 ij 
Big = (831)- 
Définition 4.2. On appelle 1-cobord |’opérateur 
5': @'(U, &) — C2(U, &) 
défini par 
(4.4 5'(g,a) = (ga, dag,a) ou explicitement 
| 4 ) 
5! (g 45, a;,;) = ( (ga) ¢;, (bak) syn» @iy)- 

Il faut évidemment vérifier que la condition (4.2) est bien remplie par 

(4.4), ce qui résulte de 


(Bar) 45( Par) x (Ba) ei = Pl Lis) O Mis O Pl Exe) O Ap, O Pl Kei) O a 
1 1 i 
= P(gi3) © laryo( gx )ais | 0 [aijapnp(g, JO jp, O44} O (Ais O Aye O Ay;) 
ij ijk f 
= p(£izs) O Pl £ ie) O Pl Kei ) O (ty O ARO A) 


ij _tjk 
= pl gi jeBni ) O (iy O&O A:). 


Le passage de la deuxiéme 4 la troisiéme ligne résulte de la condition (2.2). 


C.q.f.d. 


Définition 4.3. On appelle fondamentale une 1-cochaine (g,a) ou une 2- 


cochaine (a’, y, a) telle que les sections a;, coincident avec les sections unitaires 
€;; Qui associent a tout x U,, Vunité de &,. Ces cochaines seront souvent 
notées g = (gi,;), (a’, vy) = (aij, Yi); elles forment des ensembles que l'on 
notera C'(U, 6) = C'(U, G) et C'(U, &) (avec l’indice a en cas d’alternation). 


Remarque. Le cobord d’une 1-cochaine fondamentale g = ( is) est donné 
7 g g 
par 


(4.5) 86 = (OlBes)s Bib bes 
On posera 
(4.6) (6g) i jx & 198 eB 


En multipliant une cochaine fondamentale 4 gauche par une cochaine 
quelconque telle que le produit soit défini, on obtient toujours une cochafne 
fondamentale. I] est clair que le cobord d’une l|-cochaine fondamentale est 
une 2-cochaine fondamentale. 
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PROPOSITION 4.4. Le cobord 6' est un homomorphisme de groupoides. 


Démonstration. Si le produit (g’, a’)-(g,a) est défini, on a a’ = ga et le 
produit 6(g’, a’). 5(g, a) est donc lui-méme défini. II reste a vérifier que 


5(g’g, a) = 5(g’, a’) -6(g’, a). 
Le second membre vaut 
((g’e’) i), (Sa'2") iies a's) (a's, (ba) ijn, His) = ((g'a’) «5, (Bag’) syn (ak) ign, iy) 
ot a’; = (gd);;, On a g’a’ = g' (ga) (g’g)a et la propriété résulte de 
(Barg’) ejn* (BaZ) spp 
’ , ry , ’ ; t 
= Big is (Gju) 05 00 je (Bei) «(Bij eig(Z ju) ei see ge (Kei) | 
, , 1 ,\ —1 - 1 
= Big Zig" Mis Sjx) Zi “Zig Hi [gj je (Gis) “Bye ] Bas | ‘* | 
f 1 P 
= (gis: Bis) cris (Z ju Gin) “sgt je (Sea) lacy (Gj ) “ag (¥ x) lec yerge (es) 
= (g’g)«;-a;,|(2'2) x] -ajapl (2’2) xi] 
= (bag'2) is- 
C.q.f.d. 
5. Alternation en dimension deux. 


PROPOSITION 5.1. Soit (aij, Yije, €1y) le cobord d'une 1-cochaine alternée 
fondamentale (g;;, €:;). Dans ces conditions a,,; est alternée et on a les identités 


Tmt = Ot xO i ('Y ijn) ou Tm = Ot (Oe j\'Y jri) 
Vaig = Mil Vie) OU Yigg = Axl Veis) 
ae —1 
Y ins —_ Y ig 
P l ] 
Yi = Obj, 9005 iY ign) OU Yip = 6 5 0 jx (Vegi) 
Ts0 = iV ig) ou Tan > ii (V5tx)- 


Démonstration. C'est une conséquence immédiate des relations 
1 
ai = p(gis), Visk = SigkprBean Big = ii 


Par exemple la premiére relation découle de 


Vori = Spehe iis = Lie i Z if beni) £ inks Ot pln iY igx)- 


De méme yi. = Yuj' résulte de 
l 1 
Vigne = 2iph pei = (2 inBe 271) = V tkj- 
Définition 5.2. Une 2-cochaine fondamentale (a;;, y yx, €1,) est dite alternée 
si a;, est alternée (c’est-a-dire vérifie la condition (3.5) de la définition 3.4) 
et si elle satisfait aux identités précédentes. 


p 


SI 
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PROPOSITION 5.3. Pour qu'une 2-cochaine fondamentale (a,j, Yj, €;;) soit 
alternée, il faut et il suffit que a; le soit et que l'on ait pour tout triple (i, j, k) 
d indices: 

- l 
(5.1) Yeij = nV ize) et Yiuj = Viger 


En effet de ces identités résultent 
Vint = Aye (Vnig) = Ope (ani(Vige)) = apreer (Vise), 
Tra = 5 4(Y xy) = ays(Vise) 
VYeji = On styi(Vuxs) = Oty 054g) 
C.q.f.d. 
6. 2-cocycles. 


PROPOSITION 6.1. Si la 2-cochaine alternée fondamentale (a;,, Y;,., €:,) est 
le cobord de la 1-cochaine alternée fondamentale (g,,, €;,), elle vérifie pour tout 
quadruple ordonné (i, j, k, 1) la condition 


(6.2) Vigne = Vise MilVipe) Yin (dans U;:). 
: Démonstration. En effet le second membre vaut 
(PigZjrZra) * Zire (Vy je¥er) Zur Lauder) = Lyk jekei- 
C.q.f.d. 
be 
$5 Définition 6.2. Une 2-cochaine fondamentale alternée est appelée cocycle si 
elle vérifie la condition (6.2) dans Uj; pour tout quadruple ordonné d’ indices 
(1, j, R, l). 

La proposition 6.1 signifie que tout cobord d’une 1-cochaine fondamentale 
alternée est un 2-cocycle. 

Rappelons que |’on dit qu’un groupoide T opére a gauche sur un ensemble E 
si l’on s’est donné une loi de composition (non partout définie) que l’on notera 
multiplicativement 4 gauche [ X E— E satisfaisant aux conditions suivantes: 

1. si l'un des éléments 
(g-g’)-x, g-(e’x), ge CT, 3x CE 
est défini l’autre l’est aussi et ces éléments sont égaux; 

2. si e est une unité de I’, chaque fois que e-x est défini cet élément de EF 
est égal a x; 

t 3. pour tout x € &£, il existe un g r tel que g-x soit defini. 

Par exemple si h: T — I” est un homomorphisme de groupoides qui envoie 
bijectivement les unités de I sur celles de I’, on définit une telle loi de com- 

te position en posant 
4) g-x = h(g)-x, g 2 x i E 


si le second membre est défini. On obtient une loi analogue en se limitant au 
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sous ensemble E C I” des éléments x qui ont une unité a droite donnée. 
Par ce procédé et en faisant h = 6, on définit une opération partiellement 
définie de &}(ll, &) sur l'ensemble C2(1l, 6) des 2-cochaines fondamentales 
alternées. 


ProposITION 6.3. La loi de composition ainsi définie fait de ©}(U, &) un 
groupoide d'opérateurs (a) sur l'ensemble C2(U, &) des 2-cochaines alternées 
fondamentales; (b) sur I’ ensemble Z3(U, ®) des 2-cocycles alternés fondamentaux. 


Démonstration (a). [On fait, sans référence, un usage constant des relations 
(4.2), (4.3), (4.4), (5.1), (6.2).] Il faut montrer que si (g;;, a;;) €i(1l, &) 
et (ais, Vises €45) C2(ll, &) on a encore 


5(g, a)-(a, y, € Cc. ll, &). 
D’aprés la proposition 5.3, deux relations seulement sont a vérifier: 
(baZ)e ss" Veis = (Ger)eal OaG) syn °V ese, 
(a2) ay" Vins = * (be) ise: 


Pour les établir on doit faire usage de la condition (4.2) qui, pour une 2- 
cochaine fondamentale (a;,, y;,., €:;), se réduit a 


Ost pctes = (Vin), VOU arperpees(x) = Vie X Vine- 
En ce qui concerne la premiére, on a 
(ba8 eis" V¥eiy = Lei" Xi (Ziz) * Op Ol ig Zge)* \Vuig* Sua* Vegi) Yeighnt 
Zeit (Otel iy iy (Gye) esse jn (Les) Visel} “Sri 
= (ger)ed{ (Gag) sje Viel: 
En ce qui concerne la seconde, on va montrer que 
[ (Gag) ey Vinyl' = (bak) eye Vine: 
Cela résulte de 


1 l 


[ (baZ) in “Vu A = Vin" [2 ix @ xe (Ze5) Ot inOty (251) | 


Y ijk * Hip, 7h (Zig) Ot enOee s (¥ jx) ie (Zea) 
= Vi pe Op Oen gO yi [8 e545 (Spx) eg ste (Kea) | 
= Vise Ving* (Oak) ign Vign = (OaW) ign’ Vine: 
Démonstration (b). Il s’agit de montrer que si (gy, a,j) © E(u, ) et 
(ss, Viger €xy) Z,7(U, &)—c’est-a-dire si (6.2) est vérifié—on a encore 
(Gj, Viger €1y) = 8(g, @)- (a, ¥, €) € Z,(U, %), 


a= (gee) ¢;, Vin = (Oak) tin V ign: 
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to 


On doit vérifier que l'on a dans U,,,, 


Vig - Vt Bil V ye) * Vie- 
Le second membre vaut successivement 

1 (Bak) oy 0° Vagn* [@er( (Bag) rye) “cr Y rye) ]- Bak) cme Viw 

.) 


} 
j 


1 
AC» Sed 1°41 (Bak) aye viglly: a AY tye) * (bag) cm i(Vin) Yul 


LV age asl V ijn) Viral 
) La seconde accollade n'est autre que y; et on va vérifier que la premiére 
vaut (dag) ix. En effet elle est égale successivement A 
f 5 ity) 
(Saf) iyt° {ex ¢ ot g rt a[ ier ( (Oak) rye) 2141} Wises 


j ijit 


= Pi Biren ka hea ee en... | 
t 


i i 
= [gis ea gerg Ie[.-.] 
[. . . Jresgorgroerslg cr-ocer(Y rye) B1i Bir Be Bar *as(Vin)] 


iglt ( ;_ S. =i 
[...]-ga "Ol gO VY 19m" Ze’ Bei Vise) 
) 


ll 


ijlt ! lk 
[ sen }-27 bg fl 5 Ol 1 Ol pl AZ x* Bx i) 


oo t tj ( jk ijl ijii ijkl i 
= 2is Bie Ser 2 Bit a OO) 
tye 


= i ij 
= £15" Bae xi - 


( “.q.f.d. 

7. Classes de 2-cohomologie. En coefficients abéliens, les classes de 2- 

cohomologie s'cbtiennent en ajoutant a un 2-cocycle z le cobord des 1-cochaines 

y. Cette opération correspond ici 4 la multiplication 4 gauche de z © Z,? par 
les dy, y © &,!: 


2— bys 


Parmi les 2-cocycles alternés fondamentaux figurent les cobords des éléments 
y de C,'(cochaines alternés fondamentales) et, en coefficients abéliens, 
cobord éy n'est pas altéré en ajoutant a y le cobord d'une 0-cochatne x 
C°(u, G). Il n’en va plus de méme dans I'analogue non abélien. En effet si 
¥Y = (gi, €13), X = (A), “ajouter a y le cobord de x’’* 
de 


(7.1) 


se traduit par le passage 


y= (Ziss €25) a 7] — 


«Oy = (higish; , €:;). 
L’opération D ainsi définie équivaut a faire opérer le groupe C°(1Ul, @) A gauche 


sur C'(U, &). Simultanément les cobords passent de 


5 7 | 
Oy = (ass, Vise, €1j) A BY = (meeigns , Ni(Vise)s €45), 


oy p(£i3), Vise = Zi nrOe — p(h,). 
*Voir a ce sujet (1; 2; 8; 10; 11). 
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Ceci conduit a faire opérer le groupe C°(U, %) (et donc C°(U, G)) sur C,?(U, &) 
au moyen de 
(7.2) a= (Giz, Vises €i3) — E*2 = (1 ign * ni(Vign)s €49)s € = (ni) ‘ C’(U, WM). 


On doit évidemment vérifier que si z est alternée il en est de méme de £*z et 
que C°(U, %) opére donc bien sur C,?(U, 6). De méme C°(U, G) opére aussi 
sur C,?(U, ®) et on posera 


x*S = px*z, x C*(u, @). 
Ce qui précéde démontre la propriété suivante: 
PROPOSITION 7.1. Six © C°(U,@G) et y € C'(U, ©), ona 
6(x Oy) x*dby. 
On établit encore: 


PROPOSITION 7.2. Si — appartient ad C°(U, WM) et 2 d Z,?(U, &) il en est de 
méme de £*z. 


Autrement dit: C°(U, %) opére sur les 2-cocycles. 


Démonstration. Soient z = (aij, Yin) € Z,? et & = (nd € C°(U, MW. D'od 
fez = (a;;, Yin), @y = nen ', Yin’ ni(Yinx). On doit vérifier que (6.2) 
entraine 

iol - as” , ode , 
Yigh = Vague’ @at\ Vigne) * Vin: 


Cela résulte de ce que le second membre vaut 
1 
mi(Vigr) mececme (mi(vig)) -Mi(Vime) = Mi(Vigr@er(Vige) Yim) = (Vise) = Vie- 
C.q.f.d. 


L’opération 0 de C°(U, G) sur C,'(U, G)™ s’étend a ©,'(U, &) en posant 
pour x = (hi), vy = (gis, iy): 


1 
xO y = (gis, a1) = (higigois(hz ), ai,), 
ce qui est encore alterné vu que 
h k;')T* = j kh,’ = h h;" 
[higiyoas(hy ) = aas(hy)-gij- hi = cea hy- gyi (hz )). 


Il existe une autre maniére de faire opérer C°(U, G) et plus généralement 
C°(u, WH sur ©,'(U, &), a savoir 


we —1 - = 

(7.3) (x, y) > xey = (nil Ziz), MMs ) = Gis O15) 

ce qui est encore alterné en vertu de 
a1 “ea e 1 2 . 
Gig = nil Sis) = ness (G5) = nein (ng 851))] = is Gi). 


YCfr. la définition 4.3. 


D) 


de 


ent 
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PROPOSITION 7.3. Si §,y,2 sont des éléments respectivement de C°(U, %), 
€,'(U, &), C,?(U, &) et si un des deux termes &*(5y-z), 5(E*y) - (E*2) est défini, 
l'autre l’est et ils sont égaux: 


E*(dy-z) = d(E*y) - (E*2). 
Démonstration. Soient — = (1), ¥ = (84), ary), 2 = (a4j, Yiu). On a (cfr. 
(2.2), (4.4), (7.2), (7.3)) 
t*(5y-z) = (nearignz '» nil (Sag) in Ven]), a, = P(g1s)O0 4s; 
b(Eey) = 8(na(g4s), neous ) 
= (By, 2e(Ges)-Meecny 298s) “Mersin Me (Lae), MLM) ») 
= (Biy, nil (Sa) ise]; nai ) (Bi; = plns(g1;)lonwim; ) 
= (neo; 's ni (Sag) as) Neergny ): 
fz = (nein; ne(V ssn) ) 
La proposition s’en déduit immédiatement. C.q.f.d. 
D’aprés les propositions 6.3 et 7.2, pour tout 2-cocycle z € Z,?(U, %), 
élément &*(éy-z) (supposé défini) est encore un cocycle. Deux cocycles z et 
z’ sont dits équivalents si 2’ est de la forme 
2’ = §«(dy-z). 
Cette relation est manifestement réflexive, et on vérifie sans peine qu'elle est 
transitive et symétrique grace au diagramme et 4a |’égalité suivants 
y-3+-——— 8 
{ { 
by’-2’ — 2! = £ * (by-2) —— Exe 
| { | 
zl!’ = £' & (by'-2’) —— ae’ — (f'-E) #2 
a! = & * (dy-z) = 5(E + y)- (E #2) Sz = E* ® [5(E + y)-?-2'). 
N.B. Dans le diagramme les fléches horizontales (resp. verticales) indi- 


quent une multiplication par un 2-cobord (resp. le résultat d'un opérateur 
z— &*2). 


Définition 7.4. On appelle classe de cohomologie de dimension deux de U 
a coefficients dans © toute classe de cocycles équivalents au sens précédent. 
La classe nulle est celle des éléments z = & * dy, & € C°(U, MW), vy © C,*(U, ®). 
En outre on distinguera encore les classes qui contiennent un élément de la 
forme (a;;, €ij, €:j) OU € représente une section unité (dans ce cas aj, est 
automatiquement un cocycle de dimension 1 a coefficients dans %); ces classes 
seront appelées neutres. 


*Cfr. la définition 4.3, 
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Il est clair que ces classes coincident avec les classes usuelles dans le cas 
abélien. Cette définition se justifiera encore par la suite, voir notamment la 
proposition 8.1 et la définition de l’opérateur cobord (9.4) de la suite exacte. 
L’ensemble des classes sera noté H?(U, ®). 


8. Passage a la limite inductive. Soient Ul = (U;);.;, B = (V).g deux 
recouvrements couverts de X. Si ¥ est plus fin que U, il existe une appilcation, 
dite admissible, ¢: R— I telle que V, C U,, ce qui induit des applications 
que nous noterons encore @: 


@: C°(U, G) — C°(B, G), C°(u, WA) — C°(B, A), 
@: Gi(U, 6) — E(B, 4), 
o: G2(U, &) > C2(B, >), etc.... 


qui sont compatibles avec les opérations considérées plus haut et qui trans- 
forment un cocycle en un cocycle: 


o(x 0 y) = o(x) 0 o(y), 


o(x*y) = (x) * o(y), 
(dy) = 69(y), 
@\X * 2) = (x) * d(2). 


Dés lors ¢ induit une application 
i(B, U): H*(u, &) + H*(&, &). 


PROPOSITION 8.1. Cette application est indépendante de Il'application ad- 
missible 6: R—+ I choisie. De fagon précise si ¢'’ = R->I en est une autre et si 
z € Z,?(U, ®) les cocycles o(z) et o'(z) relatifs au recouvrement plus fin B sont 
équivalents. 


Démonstration. Soit z = (aj), Yije, €:;) Z,” (U, ®) et pour trois indices 
r, s, {du recouvrement %, posons 


o(r) = 1, o(s) = j, o(t) = k, 
o’(r) = 7’, ¢'(s) = 7’, o' (t) = k’. 


Les cocycles images de z par ¢ et ¢’ s’obtiennent par des restrictions appro- 
priées que nous écrivons briévement 


O(s) = (Gre, Yrets €rs) = (iss Viger €43) 
' (2) = (a's, V ran Crs) = (a0 7, Ve tery €xry') 
La proposition sera établie si nous exhibons — = (n,) € C°(B,%), ¥ = (y, 


rs) €,'(B, &) tels que 
(8.1) £*@'(z) = by-¢(z). 
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La solution est, nous allons le voir, fournie par 
 =awl\V; 


Yrs = Vay’ Vis’ V, 


AENNI 


to 
_ 


La premiére chose a vérifier est l’alternation de (y,,, a,;,), ce qui résulte de 


Vay = Va UNV wy) *Vis7s 


Vere = Ver rr Viz'3 = Viv gay (Vyv'9") 


- OV Vie )y 


-1 
Yn = OV ay 0 V 500) = Ors (Vor). 


Le premier membre de (8.1) est 


(8.2) (ae grey Oty 3, Mey (Vue), Evy) = (nat, sms. r(Vre0), € 


et on a, par des applications répétées des relati 


n(Vrst) = Gar l¥e 


= Vre*OArs( Vor) Os ge Vee’ i Vets)“ Yeere’ 


; 


) 


rs 


ons (4.2), (4.4), (6.2): 


| 
R 
wD 
Q 
~ 
~ 


= Vrs°Qy (Vor) "Oy Ot il Vex’ "Api (yer a) Yee il Vee ik’ ¢’ 


= Vro"Ars\ Vat) "Aisa wl (Yee ve'Ver i) “Year One (Yen Vee Vigne Yare 


= Vrg* Ars Vor) pst eV er) Ob 5 Ot jy Oey ls Oe Oe (Vere i) Vig Vee’ 


e 1 
-_ (OaV ree’ Vig’ Vier’ * Vign’ Vise’ Vix’ 
= (5a) ree Vin = (GeV) ree Vrae- 


Ceci montre que les termes centraux a trois 
(8.1) sont égaux. Il reste 4 prouver que 


1 
Nr: = pl(¥rs) Oa; 
ce qui résulte de 


, 1 
Nr sNy = AyyrAy Ay 5, 


P(Vrs) OG, Vier Vir Oa 
= Ay Ay pA y li Ay (hj Qi; 


Ceci achéve la démonstration de la proposition. 


Définition 8.1. La limite inductive des ense 


indices des deux membres de 


= My Ay hy" ;. 


smbles H?(U, ®) par rapport 


aux i(%, Ul) est appelée ensemble de cohomologie de dimension deux de l' espace 


X a coefficients dans &. Cet ensemble est noté 


H*(X, &) = lim H’(U, ); 
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il posséde: (a) un élément mul e2 image des classes nulles des termes de la 
limite; (b) un sous ensemble E? d’éléments neutres obtenu de facon analogue 
(partie neutre). 


9. Suite exacte. Soit une suite exacte 


(9.1) eN> GLH se 


de faisceaux de groupes (non abéliens) sur l’espace X. Il est bien connu qu'elle 
engendre la suite exacte de cohomologie (voir (2; 9; 11)) 


(9.2) e>H'(X,N) +H (X, 6) b W(X, $) 


0 4 m 
2A (X,N) SH'(xX, 6) LH, 9) 
et que celle-ci peut d’ailleurs s’'immerger dans une suite, plus précise, de 
groupoides a condition de remplacer le foncteur H par § ou §, (voir (4; 5; 6)). 

{[Rappelons que pour tout faisceau de groupes @ sur l’espace X, on designe 
par H°(X,@) le groupe des sections globales s: X — G. Pour un recouvre- 
ment ouvert U = (U;)«: de X, une 1l-cochaine fondamentale g,, est appelée 
l-cocycle si gi; = ginZei. Deux 1-cocycles g;;, g;;) sont dits cohomologues s'il 
existe une 0-cochaine h,: U,;—@ telle que g;,;) = Aig,hj'. Les classes de 
cocycles cohomologues forment un ensemble H'(U, G) de limite inductive 
H'(X, G). La classe des 1-cobords, c’est-a-dire des 1-cocycles g;; = h,h;~' est 
dite neutre et induit un élément neutre e' € H'(X, @). 

L’exactitude de (9.2) est l’exactitude usuelle pour les groupes jusqu’au 
terme H°®(X, $); ensuite elle signifie que l'image d’une application coincide 
avec l'image inverse de |’élément neutre par la suivante. 

On notera que le foncteur H utilise en dimensions 0 et 1 une notion moins 
précise de “‘systéme de coefficients,”’ c’est-a-dire seul le faisceau @ intervient, 
le faisceau d’automorphismes & et l"homomorphisme p ne jouant aucun réle. 
Voir la remarque 2.1.] 

Nous allons considérer un systéme © = (G, p, %) tel que les éléments de 
W laissent invariant le sous-faisceau MN de G. Il en résulte alors un systéme 
® = (N,p', WM od p’ = poi: N—-A. Ces systémes permettent de définir 
H?(X, &’) et H?(X, ©), ainsi qu'une application 


(9.3) i?: H?(X, 8’) — X2(X, &) 


qui transforme une classe neutre (resp. nulle) en classe neutre (resp. nulle). 
On définit ensuite une opération 


(9.4) 6': A(X, §) — A(X, %’) 


a condition que X soit paracompact. A cet effet on représente un élément de 
I? (X, $) par un cocycle h,; € Z,'(U, H) pour un recouvrement Ul suffisam- 











Ww 


ov a 
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ment fin pour que A,, soit l'image d'un g,, © C,'(U, @)™. Soient alors a,, 
p(gis) et vin = (Sg)sn le couple (a;,, vin) est un élément de Z,2(U, ’); en 
remplacant g,, par un autre élément g,,’ se projetant sur h,, et de méme en 
faisant varier h,, dans sa classe de cohomologie le couple (a,j, v;) ne sort 
pas d’une classe de cohomologie de H?(U, ®’) dont l'image dans H?(X, #’) 
est elle-méme indépendante de U. D’od I'application (9.4). Ces affirmations 
se démontrent aisément en considérant la diagramme (9.5) ci-dessous et en 
examinant ce qui se passe en remplacant modifiant g,, dans l'image inverse de 
h,,, puis h,, dans sa classe de cohomologie. Ce mécanisme est l'une des justi- 
fications de la definition 7.4 de classe de 2-cohomologie. 


PROPOSITION 9.1. L’espace x étant paracompact, pour qu'un élément de 
H'(X, ) soit dans l'image de j', il faut et il suffit que son image par 5' soit une 
classe neutre de H?(X, ®’). 


Démonstration. Au niveau d’un recouvrement U convenable la définition 
de l’opérateur 6' correspond au diagramme suivant (voir (4.5), (4.6)) 


(9.5) \3 " 


F : 
[avs y, Vin = (5g) ss] — larg; = p(gi5), (5g) ss] J, larry, € syn] 


dans le quel « et j representent les applications induites par les homo- 
morphismes de méme nom dans (9.1). Il indique comment on passe du 
l-cocycle hy, au 2-cocycle z = (a;,, v;,.). Il est facile de voir que la condition 
nécessaire et suffisante pour que la classe de z soit neutre et qu'il existe 
y € &,'(U, &’) de la forme y = (n;,;, a;,;) tel que dy-z soit de la forme (a,,’, 
€cyx)» Or by-2 = 5(g,,;') avec gi; = niiy; la condition est donc équivalente 
a l’existence de (g,,/) € €,'(U, G) tel que 


j(gss') = G(ess), (5g") se = €ip- C.q.f.d. 


PROPOSITION 9.2. Pour qu'un élément de H*(X, %') soit dans l'image de 
l'application $', il faut et il suffit que son image par i° soit la classe nulle de 
H?(X, ®). 


Démonstration. La condition est évidemment necessaire en vertu de la 
définition de 6' (cf. le diagramme (9.5)). Soit z = (a;,;, vi) un élément de 
Z,7(U, ’); sa classe est envoyée sur zéro par 7’ s’il existe ¢ (E,) Cu, W), 
y = (gi) € C,'(U, G) tel que z = & * dy c’est-a-dire 


oy = Ep(ge)EF*, vee = Es( Sey eWer)- 


()Un recouvrement suffisamment fin existe parcequ’on suppose X paracompact. La démon- 
stration est la méme que dans le cas abélien. Voir par example [1, b] of le probléme est examiné 
dans I’hypothése od le faisceau Jt est dans le centre de G, 
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Mais alors 2’ = &-' * z = dy est dans la classe [z] de z et Ay, = j(g,,;) est un 
cocycle de Z,'(U, S) dont la classe [hk] est envoyée sur [z] par 6'. C.q.f.d. 


Suite exacte croisée. Supposons qu'il existe associé a la suite exacte (9.1) un 
homomorphisme k: § — @ tel que j o k soit l’identité de $. Alors G s’identifie a 
un produit direct croisé de MN et H et nous dirons que la suite exacte (9.1) est 
croisée. En vertu de (2.2), p(Q) est nécessairement distingué dans M et nous 
pouvons former le quotient &{” et l"homomorphisme canonique: 


r A> A" = A/p(N). 
Comme ¥ est invariant par YU, on fait opérer U% sur H en posant 
a(jg) = j(ag), a Y, g €@ 
et les éléments a = p(n), nm € N opérent trivialement vu que 
p(n) (jg) = jle(m)-g] = j(mgn-") = je. 
Il s’ensuit que A” opére sur § de telle sorte que 
(wa) (jg) = j(ag). 


On va voir que si p” = rpk:  — A", 
pe’ (jg) = r(p(g)]. 


En effet p’’(jg) = mpkig et, comme kjg et g ont méme image jg = A dans 9, 
on a kjg = g-n,n © MN. Dés lors 


p’ (jg) = xp(g-h) = x[p(g)-p(m)| = w[p(g)). 


Il suit de la que 


p’’ (h) jg’) = mp(g)- jg’) = jlo(g) (e’)| = jleg’g ') = h-jg’-ho', 


p' |wa(jg)| = p’’[ja(g)| = rpkja(g) = rpa(g) = rlao p(g) oa™'| 
= (xa) o rp(g) o (xa)! = (ra) 0 p’’ (jg) o (xa) 
Ceci montre que l‘homomorphisme p’’: $ — W%” vérifie (2.1) et (2.2) et que 
&” = (§, p”’, A’) est un nouveau systéme de coefficients. Si z = (a4), Yin) § 
C,2(U, ©), on forme 2’ = jez = (was), 7 Yin) et on a 


‘7 ° 
P (Vigne) = WOV inn) = Taig pes) = Way; O TWA, O TWAyi, 


7 


c'est-a-dire 2’ € C,?(U, ®’’). Ceci donne lieu A une application (compatible 
avec les parties neutres et les éléments nuls): 


j?: HX, 6) > H2(X, &”). 


PROPOSITION 9.3. Si la suite (9.1) est croisée, pour qu'un élément de H?(X, ®) 
sott dans l'image de i*, il faut et il suffit que son image par j* soit neutre. 


< 


Démonstration. Conservons les notations précédentes et supposons que z 
Z,7(U, ®). Si z provient de Z,?(U, ©’), on a yin. € N et la partie “‘il faut’’ est 


b) 


st 
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immédiate. Réciproquement, supposons que la classe de z’’ soit neutre: il 
existe donc {" = (8,,"", en) © Z.2(U, ®”), vy” = (Ay, ways) € €,'(U, ”) tel 
que ad a by” -2"’: 

Bis = p' (hyj)ora;,, ly - (Salt) isn JY ise: 
Soit y = (gi), a:;) ©,'(U, &) tel que jg;, = Ay, et soit £ = by-z 

f= (Bis, (ba¥) ijn’ Virk)s Bi, = PLZ 13) OQ 4). 


- 


On a j*E = £" et j[ (bag) ies Vie] = €ie, CE Qui Montre que ¢ provient d'un 
élément de Z,'(U, ®’). C.q.f.d. 

Les résultats classiques en dimension zéro et un augmentés de ceux de ce 
paragraphe donnent lieu au 


THEOREME 9.4. Si l'espace X est paracompact, a la suite exacte (resp. exacte 
croisée) (9.1) est associée la suite exacte de cohomologie 


e — H(X, N) > H(X, @) > H(X, §) 
+ H'(X, N) > H'(X, @) > H(X, ) 
> H2(X, &’) + H2(X, &)[ H2(X, &”)] 


Pour comprendre le sense de l'exactitude, les termes de dimension deux 
doivent étre munis d'un sous-ensemble privilégié qui est celui des classes neutres 
pour H7?(X, ’) [et H?(X, ©’’)| et celui réduit a la classe nulle pour H?(X, ®) 
L’exactitude signifie que l'image d’une application coincide avec l'image 
inverse du sous-ensemble privilégié par l’'application suivante. 


Note ajoutée a la correction des épreuves. Dans le cas of A = 3(G), M. D 
Puppe me fait remarquer que l’hypothése d’une suite exacte croisée est super- 
flue pour définir le dernier terme de la suite exacte du théoréme (9.4). Cette 
hypothése est méme superflue dans tous les cas. En effet de la condition (2.2) 
et de l’invariance de ® par Y il résulte que p(J) est un sous-groupe invariant 
dans ié et que WA’ = A/p(N) est donc un groupe. Or tout élément de p(N) 
opérant sur un élément g € @ le transforme en un g’ congru a g modulo &. Il 
suit de lA que A” opére sur H par $”:A"” K H — H de telle sorte que l'on 
ait le diagramme commutatif suivant. 

Xj 
4x @ — A" kK H 
o4 j Lo” 
(‘S + » 
Ensuite on définit p’’ de maniére a avoir le diagramme commutatif 
J 
é > MN —> (S —> AS) > € 


P LP LP 
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Comme dans le texte on vérifie alors que (§, p’’, YU’) est un systéme de co- 
efficients (en observant par exemple qu'on n’utilise plus le fait que k est un 
homomorphisme). 


10. Application aux espaces fibrés. Soit 
e->N-G-H-e 


une suite exacte de groupes topologiques od V, fermé dans G posséde une sec- 
tion locale. Alors les jets locaux des applications continues d’un espace X 
dans N, G et H définissent des faisceaux N, G et S sur X donnant lieu a une 
suite exacte (9.1). On sait que les éléments de H'(X, $) par exemple s’identi- 
fient aux classes d’espaces fibrés principaux localement triviaux de base X 
et de groupe structural H. Le probléme se pose de déterminer si un espace 
fibré Ey € H'(X, §) est l'image canonique d’un espace fibré Eg € H'(X, G). 
Le théoréme 9.4 (ou la proposition (9.1)) a pour corollaire immédiat. 


THEOREME 10.1. L’espace fibré principal Ey dont la base X est supposée 
paracompacte est l'image d'un Eq si et seulement si 6'Ey est une classe neutre de 
H?(X, ®’). 


Des applications concrétes de ce résultat demanderaient que l'on puisse 
calculer effectivement H?(X, ©’) au moins dans certains cas ou seulement que 
l’on ait des résultats donnant des conditions pour que H?(X, ®’) se réduise 
a l'ensemble neutre E?(X, #’). Une étude de la thése de J. Frenkel [2, c] et 
de celle de H. Grauert. (a paraitre aux Math. Annal.) conduirait vraisem- 
blablement a des résultats de ce genre (voir aussi la communication de H. 
Cartan au symposium de Mexico, aofit 1956). 


Remarque. Il y aurait lieu de compléter le théoréme 9.4 de maniére 4 pouvoir 
déterminer quand deux éléments distincts d’un H?® ont la méme image dans 
le H® suivant. Ceci pourrait se faire en remplacgant le foncteur-ensemble H” 
par un foncteur-groupoide $? mais il faudrait alors remplacer les foncteurs 
§' que j'ai introduits précédemment par des foncteurs encore plus compli- 
qués. La question se pose de savoir si l'on peut définir des foncteurs H” et $" 
pour ” quelconque se réduisant aux foncteurs habituels dans le cas des co- 
efficients abéliens et donnant lieu 4 des suites exactes. Des résultats frag- 
mentaires semblent indiquer que la chose est possible mais, en l’absence 
d’applications, il convient de ne généraliser qu’avec quelque prudence. La 
chose pourrait étre possible par une modification de la technique des résolu- 
tions d’un faisceau par des daisceaux fins mais les “‘théorémes d‘unicité’’ 
présentent des difficultés. 


COMPLEMENTS 
11. Acyclicité du tétraédre. Les idées qui précédent peuvent s’appliquer 
également a la cohomologie d’un complexe simplicial abstrait K a coefficients 
dans un groupe G muni d’un homomorphisme p dans un groupe A d’auto- 
morphisme et satisfaisant 4 des conditions analogues 4 (2.1) et (2.2). 
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Supposons K constitué par un tétraédre de sommets 1, 2,3,4 et A = J(G), 
p étant Il’homomorphisme canonique. 


PROPOSITION 11.1. Sous les hypothéses précédentes, tout 2-cocycle alterné 
fondamental z de K est un cobord. 


Le cocycle z est un systéme alterné (a;,, yi), tel que pour i, j,k, / = 1,2,3,4 
on ait 
(11.1) ay; € I(G). 
(11.2) a;yryoy,; opére comme 7; par automorphismes intérieurs. 
(11.3) ta * Vist Girl Vie) “Vit 


On doit trouver des g;,; alternés tels que 


p(g:,) - oa 
Viger = 2igh Bei 
Choisissons arbitrairement gis, goa et gag Operant comme ayy, ag Ct ayy. 

Désignons par ga, ga2, gas leurs inverses (opérant comme a4, a42, a3). Les 
relations 

Yizea = 212824841 

Y2s4 = Les8s4842 

Ya14 = 231814843 
permettent de calculer gi2, ges, gai et leurs inverses goi, gs2, gis Qui opérent 
nécessairement comme aj2, @23, @3; et leurs inverses a1, a@32, @13 en vertu de 
(10.2). On va montrer que 

Yies = 212823831; 
cela résulte de 


Yi23 = V124°O14(Va23)*Vi4a = V124°O@14@42(V294) * V143 
= £12824 41° 214° 242° Bes 234° Lae" 224" 241° 214° 243° 231 
= £12° 223° Z31- 


La suite de la démonstration est une conséquence facile de |'alternation. 
Par exemple 


Yar2 = Gar (Vi2ea) = Sar" Breaker Sis = Lai XLi2X Kau, etc. .... 
C.q.f.d. 
12. Remarque sur la classe nulle. Par définition la classe nulle de 


H?(U, ®) est formée des 2-cocycles réduits alternés z = (a;,;, yi») tels qu'il 
existe — = (€,) € C°(U, M) et y = (gi,) © C,'(U, G) tels que 


(12.1) E*z = by ou z= £-' « dy. 
Le 2-cocycle z n'est donc pas nécessairement un cobord. Toutefois la propriété 


suivante, 4 mettre en rapport avec la proposition 8.1, montre qu'un 2-cocycle 
vérifiant (12.1) et un 2-cobord sont “pratiquement”’ la méme chose. 
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PROPOSITION 12.1. Si le 2-cocycle z appartient ad la classe nulle il existe (a) 
un recouvrement W = (W,) nx tel que U soit plus fin que ®; (b) un 2-cocycle 
z € Z,7(W, ®) et une 1-cochaine y © C,'(U, G); (c) des applications admissibles 
@: R- I, ¢: R-T telles que 


(1) o(2) = 2, 
(2) o'(z) = by 


Démonstration. Définissons RK comme la réunion de J et d'une copie disjointe 
I’ dont les éléments seront notés i’, 7’, R’ . 


.. Ensuite on pose W,; = Wy = U, 
Pour définir Z (&, 


+ VYrer) On utilise les cochaines £ et y intervenant dans 
(12.1) et on pose 


Y= (Bis), Pits = PB: 
ay Oey, ery Pijy, Oye = €; Oy, = Ay iy; = Ear 
eo! I 
a = &i, as = a; ,a Mises s 
Vigne = Vip Yrun = OR) in 
Vn = Yi jk = Vv ia = Evin 
78? Vor = 9 = Yip 


Il faut d’abord vérifier que 2 est une 2-cochaine (condition (4.2)), ce qui 


résulte du fait que z et dy en sont et des égalités (cfr. condition (2.2) 


1 ‘ l ‘. — 
PAVe pn) = wlEAvinx)| = o(yvindt ¢ 


CL ¢ OL ppOly S 


fr 
a 
fr 


OL ¢* Ol py 


PAYVrvjr) =... = Oy py py 
PUVignt) = «2. = Ajj pyeray 
PCV je) = Oj jl Oly, = Ay yr yp, 
P\Vize’) =.~.-. = 5 Ol jp; 
P(Vise') =~... OL 5 7° OL 5 py 


Nous laissons au lecteur le soin de vérifier que Z est alternée (définition (5.2). 
Il faut ensuite vérifier que Z est un cocycle (condition (6.2)), ce qui résulte de 


vérifications faciles; par exemple: 


Yi’ je = Ei 
Vr pc Ae AV) Yeu —_ Ei(y Sear Vie) Sa Vin 
= §,(¥4 "MithVin) *Yin) = EAVig); 
Yrur Av (Vv ye) = §;(7 Eis Es (Vige)  Es(Vix) 
= €:\7 Qi Vige) Vix) = Elvin 


Les propriétés (1) et (2) sont alors immédiates si l'on définit @ et ¢’ au 


moyen de 


(1) = 1 ¢’ (1) rid C.q.f.d. 
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ON HOMEOMORPHISMS BETWEEN EXTENSION SPACES 
BERNHARD BANASCHEWSKI 


Introduction. In this note, conditions are obtained which will ensure 
that two topological spaces are homeomorphic when they have homeomorphic 
extension spaces of a certain kind. To discuss this topic in suitably general 
terms, an unspecified extension procedure, assumed to be applicable to some 
class of topological spaces, is considered first, and it is shown that simple con- 
ditions imposed on the extension procedure and its domain of operation easily 
lead to a condition of the desired kind. After the general result has been 
established it is shown to be applicable to a number of particular extensions, 
such as the Stone-Cech compactification and the Hewitt Q-extension of a 
completely regular Hausdorff space, Katetov’s maximal Hausdorff-closed 
extension of a Hausdorff space, the maximal zero-dimensional compactifica- 
tion of a zero-dimensional space, the maximal Hausdorff-minimal extension 
of a semi-regular space, and Freudenthal’s compactification of a rim-compact 
space. The case of the Hewitt Q-extension was first discussed by Heider (6). 


1. Preliminaries. A pair (I, y) consisting of a class ! of Hausdorff spaces 
and a mapping y : ! — T such that yX contains X as a dense subspace for 
each X € TI will be called an extension structure. An extension structure (T, y) 
will be called normal if for any X € T the subspaces X — {a}, a € X, of X 
also belong to [ and y has the properties: 

Cl. Any sequence of dense imbeddings 


xLy44x (X,Y €1) 
such that go/ is the identity mapping on X can be extended to a sequence 
of homeomorphisms 


a] Y 
VX J, vY &, yX. 


C2. For each a € X there exists a dense imbedding 
ha: ¥X — fa} > y(X — fa}) 


which induces the identity mapping on X — {a}. 

It follows easily from Cl that the extension space yX is a topological 
invariant of X in the sense that any homeomorphism X — Y can be extended 
to a homeomorphism yX — 7 Y. Also, one has 


LEMMA 1. y(yX) = yX for any X r. 
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Proof. Consider the sequence of dense imbeddings 

x4 7X = y¥X 
where j is the natural injection of X into yX and i the identity mapping. Then, 
Cl gives, as an extension of this, the sequence of homeomorphisms 

Pi = 

yX = ¥(y¥X) > 7X. 

Now, if u € y(y¥X) — yX and ov = (j")-'u € yX then v = (@ofj’)\v = Mu, 
but also v = iw = iv and hence i% = 7v which leads to u = v € yX, a con- 
tradiction. 

In view of Lemma | one can say that Cl implies a certain minimality of 
the extension space 7X of X: If Y € Tissuch that y¥Y = YandX C YC yX 
then Y = 7X, and thus yX is minimal in the class of all spaces Y D X, 
Y€T, with 7yY = Y. 

For a number of known normal extension structures (I, y) the following 
further condition is found to hold: 

C3. Any dense imbedding f :X — Y(X, Y € T) can be extended to a 
continuous mapping f’ of yX onto 7Y. 

Such extension structures will be called strongly normal. Strong normality 
can usually be checked by means of 


LEMMA 2. C3 and Lemma | together imply C1. 


Proof. \f f: X — Y and g: Y— 7X are dense imbeddings such that go / 

is the identity mapping on X then the extensions 

ft:yX —ayV and gi:y¥—y(yX) = yX 
given by C3 are necessarily homeomorphisms since g’o f’ is the identity 
mapping on 7X. 

The conditions of strong normality imply a certain maximality of the 
extension space yX of X, which complements the above mentioned minimality: 
If X is a dense subspace of Y with yY¥Y = Y(X, Y € [L), then the natural 
injection X — Y can be extended to a continuous mapping of yX onto Y in 
the case of strongly normal (T, y). 


2. The principal result. Let (I, 7) be a normal extension structure 
throughout this section and denote by yoX (X € IT) the subspace (not necess- 
arily belonging to I’) of X consisting of all those a € X for which the natural 
injection 1:X — {a} +X cannot be extended to a homeomorphism of 
y(X — {a}) onto yX. These subspaces yoX have the following basic property: 


LEMMA 3. For any sequence of dense imbeddings 
x4y44x (X,Y € 1) 
such that gof is the identity mapping on X one has f(yoX) = yo. 
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Proof. First, it will be shown that yo¥ C fX. For any « Y — fX, the 
given sequence of dense imbeddings leads to a new such sequence 


a bk ; ; 
X = ¥ — {c} Xx (h, k induced by f, g) 
which has the extension 
my , aa 
y¥X — ¥(Y — te}) 3 yX; 


also, the given sequence itself can be extended to 


4X j 


. e 
»7vY é, 7X. 
It follows that f’ 0 k” is a homeomorphism of y( Y — {c}) onto yY, and since 
it maps the dense subset /X of Y — |c} identically it extends the identity 
mapping Y — {c} — Y. Hence, c¢ yoY and thus yoY C fX. 

Next, take a © X and 6b = fa. Here, one has the sequence of dense im- 


beddings 

, a _ h , 

X — fa} — V — {b} 7X — fa} —Sy( X— {a}) 
where A and are again restrictions of f and g respectively and A, is given 
by C2. From C2 and the assumption that go/f is the identity mapping on X 
one concludes that (4,0 k) oh is the identity mapping on X — {a}; hence, C1 
is applicable and one has a sequence of homeomorphisms 


m h* (h,Ok)’ , 
(1) y(X — fa}) > y(¥Y — {b}) ———— > yV(X — fa}). 
Now, suppose a ¢ yoX and let 7* be the homeomorphism 7(X — {a}) — yX 
extending the natural injection 7 : X — {a} — X. Then, one obtains from (1) 


the sequence of homeomorphisms 





; (h,Ok)’ ee os . 
(2) y(Y — {b}) ——~—3> v(X - ist) oad Loe’, 
which has the following effect on any point fz, z © X — {a}: 
fg—->z—-92— fs 
Hence, the homeomorphism y(Y — {b}) — 7¥Y given by (2) maps the dense 
subset f(X — {a}) of Y — {6} identically, and therefore the same holds for 


the whole of Y — {6}. Thus, one has 6 ¢ yo Y or f(X — yoX) C VY — yoY, and 
from yoY C fX it now follows that yoY C f(yoX). 

Conversely, assume b ¢ yo Y and let j* be the homeomorphism y(Y — {6}) 
— 7Y extending the natural injection 7: Y — {b} — Y. Again, one obtains 
from (1) a sequence of homeomorphisms 


* 


: we ee Ie 
(3) y(X — fa}) > y(Y - (bh). yV 8 4x, 


Pp 


~ 
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giving a homeomorphism y(X — {a}) — yX which clearly extends the natural 
injection X — {a} — X. This shows a¢ yoX which implies f(yoX) C yo; in 
all, f(voX) voY is hereby established. 

The particular case where f : X — Y is a homeomorphism and g : Y — yX 
taken as y — f—'y, y © Y, makes it obvious that any homeomorphism f : XY 
maps yeX homeomorphically onto yoY, that is, the subspaces yoX are topo- 
logical invariants of the spaces X. 


Lemma 3 now leads immediately to 


any homeomorphism {:X'— Y' between spaces X', Y'€ TI such that 
oe, Coe 2c oe ee Oa Io is the extension of a homeo- 
morphism X — Y. 


PRropOSITION |. Jf Tyo C T is the class of all X I such that yoX X then 


Proof. One has yoX = yoX', yo ¥ vyoY’ and f(yoX") vyoY’ from Lemma 3 
and hence from the given equations X yoX and Y vyoY also fX = Y. 


3. Characterization of Il, for strongly normal (I, 7). Proposition | 
naturally leads to the question whether there exist other subclasses of I, 
(T, y) being any normal extension structure, for which the analogous propo 
sition holds. Oi course, this is trivially so for any subclass of I». Similarly, 
there may exist trivial enlargements of I) with this property: If, for instance, 
[ contains an X such that yX = X but yoX’ # X’ for any dense subspace of 
X, then I'y does not contain any space homeomorphic to X, and Ty) U {X} 
would be of the said type. Consequently, one has to look for further properties 
of T'»o which together with Proposition | will give rise to some characterization 
of To. This will be done in the present section at least for the case of strongly 
normal extension structures (T, y). 

A preliminary result is: 


LeMMA 4. Jf (T’, y) ts a strongly normal extension structure and f :X — } 
(X, Y © T) a dense imbedding then (f7)"'fX = X. 


Proof. Let a © X and 6 © yX — X be such that fa f%b. This has to be 
shown to lead to a contradiction. Since yX is Hausdorff there exist disjoint 
neighbourhoods LU’ and V of a and 6 respectively in yX. Also, since f is an 
imbedding there exists a neighbourhood W of fa in yY such that f(U 1 X 

W (\ f{X. Now, by the continuity of {7 there exists a neighbourhood V» C V 
of bin yX such that fyV_, C W. Thisimplies f(Vo (\ X) C WY) fX f(Ul1l"»X 
and therefore Vo (\ X C UC\X since f is one-to-one; this, however, leads 
to the contradiction @ # Veof(\X CUN\V =¢. 

The desired property of I» will be obtained from the following 


LemMA 5. Jf (T, y) is a strongly normal extension structure then yoX — {a} 
C yo(X — fa}) for anya e X, XE 7. 


Proof. Let 6b © X — {a} be such that there exists a homeomorphism A: 
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y(X — {a, b}) + y(X — {a}) inducing the identity mapping on X — {a, d}. 
Then 3 is not isolated in X and one has the following diagram of continuous 
mappings 
v(X — {b}) — fa} % y(X — fa, b}) 
k | Lh 
7X — {a} 7 y(X — {a}) 


where g and j are the imbeddings given by C2 and is the restriction of the 
continuous extension 7” of the natural injection i: X — {b} — X by C3 which 
is known to map y(X — {b}) — {a} onto yX — {a} by Lemma 4. Since all 
mappings induce the identity on X — {a, 5} the diagram is commutative. It 
follows that k must be one-to-one since g and A are, and consequently 7’: 
y(X — {b}) — 7X is also one-to-one. This means that 7 has an inverse f, 
and this coincides with the h, (of C2) on yX — {6} as one sees immediately 
from the sequence 


y 
oX — {0} B(x — 16)) Sx. 

This shows that the restriction of f to yX — {6} is continuous. On the other 
hand, the restriction of f to yX — {a} is merely k~'. Now, h~'oj and g map 
yX — {a} and y(X — {b}) — {a} respectively onto the same subspace of 
y(X — {a, 6}); thus g is defined at each h~'(jx), x € yX — {a}, and clearly 
k-'x = g~'(h-'(jx)). Since h-' oj and g are dense imbeddings it follows that 
k-' is continuous. Therefore, the restriction of f to yX — {a} is also con- 
tinuous, and this shows f to be continuous, hence 7” to be a homeomorphism 
and finally 6 ¢ yoX. 

With this it is proved that 6¢ yo(X — {a}) implies 6¢ yoX which imme- 
diately gives the desired result yoX — {a} C yo(X — {a}). 

After these preparations, the following characterization of Ip can easily 
be established. 


PROPOSITION 2. Jf (T’, y) is a strongly normal extension structure then X € To 
implies X — {a} € Io for anya € X and Yo 1s the largest class of spaces X € T 
for which this condition and Proposition | hold. 


Proof. By Lemma 5, yoX = X implies X — {a} = yoX — {a} C yo(X—{a}) 
and thus yo(X — {a}) = X — {a}, as stated. Now, let I, be any subclass 
of T such that X — {a} € T, for any X € T,, a € X, and Proposition | 
holds for T, (in place of To). Then, if X € T, does not belong to Io there 
must be an a € X such that the natural injection X — {a} ~X can be 
extended to a homeomorphism y(X — {a}) — yX. However, this homeo- 
morphism clearly does not induce a homeomorphism X — {a} — X, and this 
contradicts the assumptions for T;. It follows that T, € To. 


Remark. We do not know whether Proposition 2 might not be true for any 
normal extension structure (TI, y). It is clear that I» is characterized as above 


ous 


any 
ove 
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whenever X — {a} € Io for all a € X, X € To, and even for those (T, y) 
considered below which are not (or not known to be) strongly normal this 
can actually be verified explicitly. 

With this, the general considerations are concluded and the following 
sections deal with their application to particular extension structures, that 
is, with the proofs of the normality or strong normality and the explicit 
descriptions of I’ for several instances of (T, y). For the latter, it is useful 
to observe that for any normal (IT, y) and X € IT the points a¢ yoX of X 
cannot be isolated simply because the inverse of the supposed homeomor- 
phism y(X — {a}) — yX mapsa € X intoa point of y(X — {a}) — (X — {a}) 
and any neighbourhood of such a point must meet X — {a}. 


4. Stone-Cech compactifications and Hewitt Q-extensions. Let 
(B, 8) be the extension structure for which B is the class of all completely 
regular Hausdorff spaces and BX the Stone-Cech compactification of X € B. 
Obviously, X € B implies X — {a} € B for any a € X, B(8X) = BX holds 
for all X € B and any dense imbedding X — Y has a continuous extension 
mapping BX onto BY by the well-known maximality property of 8X. 

To obtain, for each a € X, an imbedding of BX — {a} into B(X — {a}) as 
described in C3 it is sufficient to prove that every bounded continuous real 
function f on X — {a} can be continuously extended to 8X — {a} (7). To 
show this, let u € BX — X be any point, V and W disjoint closed neighbour- 
hoods in BX of u and a respectively and g a continuous function on BX such 
that gV = {1} and gW = {0}. Now, with the restriction h of g to X — {a} 
the product fh is continuous on X — {a} and vanishes on W (\ (X — {a}); it 
can therefore be extended continuously to X with value 0 at a, and the resulting 
function has a continuous extension f* to BX. f* satisfies f*x = fx-hx = fx for 
allx € V\ X, hence 


lim fx = lim f*x = f*u. 
ru zu 
reX—(a} rex. 


The existence of this limit for any u € BX — {a} implies (4, ch. 1, § 6) that 
f can be continuously extended to BX — {a}. 

In all, it is then established that 6 satisfies the conditions Cl—C3. Further, 
it is obvious that for any non-isolated a € X the extension of the natural 
injection X — {a} —~X to 8(X — {a}) is a homeomorphism if and only if 
any bounded continuous real function on X — {a} has a continuous extension 
to X. Hence one has: 


PROPOSITION 3. The extension structure (B, 8) is strongly normal and Bo is 
the class of all X © B such that for any non-isolated a € X there exist bounded 
continuous real functions on X — {a} without a continuous extension to X. 


Remark. The class By can also be described in a variety of other ways such 
as: the filter on X — {a} given by the sets V — {a}, V the neighbourhoods 
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of a in X, is not maximal completely regular (4, ch. 1x, p. 15) on X — {a} 
for any a € X; or, as in (6), the finite open normal coverings of X — {a} are 
not all induced by such coverings of X. In the case of particular types of 
spaces X, simpler topological conditions can be given. Thus, for fully normal 
X, X € Bo is equivalent to the condition that {a} = A (\ B with closed sets 
A, B both different from {a}, for each a € X. Similarly, for locally compact 
X,X € By amounts to the existence of compact 4, B C X with A (\ B = {a}, 
A and B different from {a}, for each a € X. 

If one considers the Hewitt Q-extension vX for completely regular Hausdorff 
spaces X, one can easily see, by essentially the same argument as above, that 
any continuous real function on X — {a} can be extended continuously to 
vX — {a}. Using the standard properties of vX, one then obtains for the 
class T of completely regular Hausdorff spaces and the operation v of Hewitt 
Q-extension: 

PROPOSITION 4. The extension structure (Tf, v) is normal and Ty is the class 
of all X € VY such that for any a € X there exist continuous real functions on 
X — {a} without a continuous extension to X. 

Remark 1. Proposition 1 for (T, y) = (1, v) which is hereby established is 
due to Heider (6) in the case where X’ = vX and Y’ = vY. 

Remark 2. Although (T, v) is normal it is not strongly normal since a space 
E may have extension spaces X and Y such that EC X C YC BE, vX =X 
and vY = Y, in which case C3 breaks down for the natural injection X — Y. 
Nevertheless, it is still true that X € Ty) implies X — {a} € To for anya € X 
and hence the characterization of Ty as in Proposition 2 still applies. 


5. Katétov extensions. For any Hausdorff space X which is not abso- 
lutely closed, Katetov (7) introduced an absolutely closed extension which 
can be described as follows: Corresponding to each non-convergent maximal 
open (that is, with a basis consisting of open sets) filter J2 on X a new point 


Xm is adjoined to X and on this enlarged set the collection of all sets V U lop) , 


V open in X and V € M, is taken as a basis for the open sets. If one considers 
on the class K of all Hausdorff spaces the operator « which assigns to each 
X € K its Katetov extension xX (xX = X if X absolutely closed), one has: 


PROPOSITION 5. (K,«) is a strongly normal extension structure and Ko is 
the class of all X € K such that for any non-isolated a © X there exists an open 
U CX such that a € U but UU {a} is not open. 

Proof. x(xX) = «X and the basic properties of xX proved in (7) implies 
Cl and C3 for (K,«). C2 follows from the fact that there is a natural one- 
to-one correspondence between the maximal non-convergent open filters on 
X and those filters of this kind on X — {a} which do not converge to a in X 
given by M— {Ala¢gA € M}. 

To obtain the stated description of Ko, one first observes that a ¢ x oX 
holds if and only if the filter consisting of the sets V — {a}, V the neigh- 
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bourhoods of a in X, is a maximal open filter in X — {a}. Next, this is obviously 
the case if and only if any open U in X — {a} which meets all these V — {a} 
is itself one of them. Finally, in terms of the topology of X itself, this con- 
dition means that for any open U C X such that a € U — U, UU {a} is 
open in X. Therefore, a € xoX is equivalent, for non-isolated a € X, to the 
existence of an open U C X with a | U for which UU {a} is not open. 

Remark. Proposition 1 for (T, 7) =(K,«) which is thus obtained was 
proved by Katetov (7). 


6. Maximal zero-dimensional compactifications. For any zero- 
dimensional Hausdorff space X there is defined a maximal zero-dimensional 
compact extension ¢X which can be considered as the completion of X with 
respect to the uniform structure of X given by the finite partitions of X into 
open-closed sets (1). Alternatively, {X is the maximal ideal space of the 
Boolean algebra of all open-closed sets in X, X imbedded in this as usual by 
identifying each point with the corresponding fixed ideal. Yet another de- 
scription of ¢X is as follows: Let @;(X) be the set of all maximal open-closed 
filters Mt (that is, with a basis consisting of open-closed sets) in X with void 
adherence. Then, corresponding to each M € ;(X) a new point x, 


is adjoined 
m ) 


to X, and on this enlarged set the collection of all sets VU Ixy VEME O(X)}, 


V open-closed in X, is taken as a basis for the open sets. 
If Z denotes the class of all zero-dimensional Hausdorff spaces and ¢ the 
operator which assigns to each X € Z its extension ¢{X one has: 


PROPOSITION 6. (Z, £) is a strongly normal extension structure and Zp» is the 
class of all X € Z such that for any non-isolated a © X there exists an open 
UC X for which U = UU {a} and UU {a} ts not open. 


Proof. One has ¢(¢X) = ¢X for any X € Z and C3 follows immediately 
from the maximality property of {X which states (1) that any zero-dimensional 
compact extension of X is the continuous image of {X under a mapping which 
extends the identity mapping on X. C2 is again obtained from the fact that 
(i) M—+ Ms = {Alag A € M} is a one-to-one correspondence between the 
Mt € -(X) and those R @,(X — {a}) which do not converge to a and (ii) 
V € M is equivalent to V — {a} Me. 

As to the characterization of Zo, it follows immediately from the definition 
of ¢(X — {a}) in terms of maximal open-closed filters that a¢{oX holds if 
and only if the open-closed filter on X — {a} consisting of the sets V — {a}, 
V the neighbourhoods of a in X, is a maximal open-closed filter in X — {a}. 
This will be the case if and only if any open-closed W in X — {a} which meets 
all these V — {a} is itself one of them. Expressed in terms of the topology of 
X this means that for any open W C X with W = WU {a} the set W VU {a} 
is open. Therefore, a © {eX holds for non-isolated a € X exactly if there 
exists an open U’ C X with U = UU {a} for which U VU {a} is not open. 
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A consequence of Proposition 1 for (I, y) = (Z,¢), obtained from the 
description of ¢X in terms of the Boolean algebra B(X) of the open-closed 
sets of X, is the following: 


Coro.uary. If X, Y € Zo, then any isomorphism B(X) — B(Y) is induced 
by a homeomorphism X — Y. 


7. Maximal Hausdorff-minimal extensions. A space X is called 
Hausdorff-minimal if it is Hausdorff and its topology is minimal in the partially 
ordered set of all Hausdorff topologies on X (order by inclusion between the 
collections of open sets); in other words, if any continuous one-to-one mapping 
of X is a homeomorphism. It is known (3) that any semi-regular space X 
(that is, X is Hausdorff and the interiors of closed sets in X form a basis for 
the open sets) possesses a Hausdorff-minimal extension ¢X such that for any 
Hausdorff-minimal extension W > X (X dense in W), the natural injection 
X — W can be extended to a continuous mapping of eX onto W. A description 
of ¢X can be given as follows: Let a filter in X be called semi-regular if it 
has a basis consisting of regular open sets (= the interiors of closed sets) and 
denote by ,(X) the set of all maximal semi-regular filters in X whose adher- 
ence is void. Then, adjoin to X a new point x,,, for each M@ € #,(X) and take 


M 
as basis for the open sets on this enlarged set the collection of all sets 
VU iy! V € M € &,(X)} where V is a regular open set in X. 


Now, if = denotes the class of all semi-regular spaces and o the operator 
which assigns to each X € © its extension ¢X one has: 
PROPOSITION 7. (2, ¢) is a strongly normal extension structure and Xo is the 


class of ali X € = such that any non-isolated point of X belongs to the closures 
of two disjoint open sets. 


Proof. The strong normality follows from the mentioned properties of oX 
in the same way as it was obtained for (Z,¢). To determine 2» one again 
observes that a € ooX (a € X non-isolated) means that the semi-regular 


filter on X — {a} consisting of all V — {a}, V the neighbourhoods of a in X, 
is not a maximal such filter on X — {a}. Since finite intersections of regular 
open sets are regular open, this means that there exists a regular open set 
W of X — {a} which meets all V — {a} but is not itself one of them, that is, 
for which W \U {a} is not open. Such a W is the interior, in X — {a}, of its 
closure W — {a} in X — {a}, and since X — {a} is open in X this is the 
same as saying that W is the interior of W — {a} in X. Also, since W U fa} 


is not open W is merely the interior of W in X, that is, a regular open set 
of X, and a belongs to W as well as to the closure of its complement. There- 
fore, a € U (\ W with open disjoint U and W. Conversely, if this is the case 
then a cannot belong to the interior Wy) of W since W) (\ U = ¢, and hence 
W. C X — {a} is the interior, in X — {a}, of the closed set W — {a} in 
X — {a}, that is, a regular open set of X — {a}. Also, a § W = W, shows 


EXTENSION SPACES 261 


that Wo meets all V — {a}. Finally, Wo {a} is not open, for if it were 
a € W would imply a € W». 


8. Freudenthal extensions. A Hausdorff space X is called rim-compact 
(also: semi-compact) if the open sets V C X whose boundary B(V) = VO\CV 
(CV the complement of V) is compact form a basis for the open sets in X. For 
any such space X there exists, according to (5), a compact extension ¢X 
with the property that (i) every point in ¢X has arbitrarily small neighbour- 
hoods whose boundaries lie in X and (ii) for any other compact extension 
W > X satisfying (i) the natural injection X — W has a continuous extension 
eX — W. The extension gX has been described in the following way: If 
,(X) denotes the set of all filters in X which have a basis consisting of open 
sets with compact boundary (such filters will be called rim-compact here), 
are maximal with respect to this property and have void adherence, then 
eX is obtained by adjoining to X a new point Xo for each M € #,(X) and 
taking the sets VU ‘Xp Ve ME &(X)}, V C X open with compact B(V), 
as basis for the open sets in this enlarged set (5). Alternatively, ¢X is the 
completion of X with respect to the uniform structure of X which is defined 
by the finite coverings of X by open sets with compact boundary (8). 

For the class # of all rim-compact Hausdorff spaces and the operator which 
assigns to each X € @ the extension ¢X the following holds: 


PROPOSITION 8. (#, ¢) is a normal extension structure and ®o is the class of all 
X € © such that any non-isolated a © X lies on the boundary B(U) of some 
open U C X for which B(U) — {a} is compact and U {a} not open. 


Proof. To verify Cl for (%, ¢) it is sufficient to consider X, Y € © such 
that X C Y C ¢X and prove that the sequence of natural injections 
vw a 
x V4 ox 
can be extended to a sequence of homeomorphisms 
~ ad 
U , , 
eX — gf J, eX. 
This amounts to the same as the existence of a homeomorphism ¢Y — ¢X 
which extends the natural injection 7. Now, the existence of a continuous 
extension k of 7 mapping ¢Y onto ¢X follows from the maximality property 
of ¢Y and since ¢Y and ¢X are compact it is enough to show & to be one- 
to-one. Therefore, consider %, 9 € #(Y) such that kx, = kx yp = Xo 
NM € ,(X). If Ly and My are the filters on X obtained from %& and Mt respect- 
ively by intersecting all their sets with X one has MN C yx, Mx by the con- 
tinuity of k and the limit relations lim & = xo, lim M = Xo 
x and My are rim-compact filters: For any open U € ¥& there exists a V € ¥ 
such that V C U and B(V) is compact (topological operations all in Y). This 


in ¢Y. Now, 
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B(V) can be covered by finitely many open sets W; in ¢X such that 
V, = W.0\ Y C U and the boundaries B(V,) are compact and lie in X. For 
the open set V* = VU UV; one has B(V*) C B(V) (\ YU B(V,) which 
implies B(V*) C UY B(V,) since B(V) C YU V; shows that no x € B(V) 
belongs to B(V*). It follows that B(V*) is compact and lies in X; hence 
X (\ V* is an open set with compact boundary of X. As V* € & (by V* D V) 
and V* C U where U was an arbitrary open set in &, this means that ty 
is a rim-compact filter. This result now leads to the equations fy = N = My 
which in turn give & = M; finally, this proves that k is one-to-one. 

The proof of C2 for (#, ¢) is of the same nature as that for (Z, ¢), and 
the remaining thing is to characterize ®o. For this one uses the fact that a 
rim-compact filter S on a space is maximal if and only if any open U with 
compact boundary which meets all sets of © itself belongs to S; this can 
easily be deduced from the relation B(U (\ V) C B(U) (\ B(V). It follows 
that a non-isolated a € X belongs to goX if and only if there exists an open 
U C X — {a} which meets all neighbourhoods of a, that is , a U, and 


whose boundary in X — {a} is compact, but for which U VU {a} is not open 
in X. Since a¢ U and a € U means a € B(U), the boundary of U in X (U 
is open in X), the boundary of U in X — {a} is B(U) — {a}. This completes 


the proof of Proposition 8. 


Remark. (®, ¢) is not strongly normal: If X is the open circular unit disc 
and Y the closed circular unit disc in the plane and f : X — Y the natural 
injection there exists no extension of f to a continuous mapping of ¢X onto 
¢Y = Y since ¢X is the one-point compactification of X. 
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THE COMMUTATIVITY OF A SPECIAL CLASS OF RINGS 
WALLACE S. MARTINDALE, III 


A well-known theorem of Jacobson (1) states that if every element x of a 
ring R satisfies x" = x where n(x) > 1 is an integer, then 2 is commutative. 
A series of generalizations of this theorem have been proved by Herstein 
(2; 3; 4; 5; 6), his last result in this direction (6) being that a ring R is com- 
mutative provided every commutator u of R satisfies u”” = u. We now 
define a y-ring to be a ring R in which u™ — u is central for every commu- 
tator u of R (where n(u) > 1 is an integer). In the present paper we verify 
the following conjecture of Herstein: every commutator of a y-ring is central. 


1. Semi-simple y-rings. The main step in our paper consists in proving 
THEOREM 1. Every division y-ring D is a field. 


Proof. We will show that every commutator u € D satisfies uv" = u where 
m(u) > 1 isan integer. It will then follow immediately from Herstein’s theorem 
in (6) that D is a field. 

Suppose there exists a commutator u = xy — yx which does not lie in the 
centre Z. Let C be the prime field of D, where either C = R if the characteristic 
is zero or C = P in the case of characteristic p > 0. We denote by K = C(x) 
the subfield of D generated by C and u and let k = K (\ Z. We remark that 
k isa proper subfield of K containing C, since u ¢ k. ForallA € k Au = A(xy— yx) 
= (Ax)y — y(Ax) is a commutator of D lying in K. We make the important 
observation that (Au)"™® — (Au) € Rk for all \ € k, where n(A) > 1 is an 
integer. Indeed, (Au)"® — (Au) € Z because D is a y-ring, and (Au)"™ — (Au) 

K since both A and uw € K. 

Only three possibilities may now arise, namely, 


(1) u is transcendental over C 

(2) u is algebraic over R 

(3) u is algebraic over P. 
In (1) we know by Luroth’s Theorem that & is a simple transcendental 
extension C(t) of C. Our immediate objective is to rule out possibilities (1) 
and (2). In order to do so we shall require the assistance of two lemmas. 
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LemMA 1. Jf {d,} is an infinite sequence of distinct non-zero elements of k, 
then n(\,;) ©, where (Au)"® — (Am) € k, i = 0,1,2.... 


Proof. \f the statement were not true, there would exist an infinite subse- 
quence {\,'} with the property that m(A,/) = m, a constant. Setting A," = 4,’ 
(Ao’)~!, we can write our basic equations in the form 


(a) (Ajs’Ao'u)* — (Aj"Ao'u) = (Ajsu)" — (Aju) € Rk, 7 = 0,1,2.... Multi- 
plication of the equation (Ao’u)" — (Agu) € Rk by (A,’’)" gives us 
(b) (A,/")*(Ao'u)* — (As")"(o'u) € Rk, 7 = 0,1,2.... Subtraction of (a) 


from (b) yields 

(c) [(,)" — Aj/](Ao'u) € Rk, 7 =0,1,2.... 
Ao'u ¢ k because u ¢ k and Xo’ ¥ 0; it then follows from (c) that (A,’")" — (A/”’) 
= 0,7 =0,1,2.... A contradiction results since we now have an infinite 
number of distinct elements of the field & satisfying the same equation 
wu — p= 0. 

LEMMA 2. In (1) and (2) suppose that V is non-trivial discrete non-Archi- 
medean valuation of k and W an extension of V to K. Then k = K, where k 


and K are the completions of k and K relative to V and W, respectively. 


Proof. We begin by choosing a Cauchy sequence {A,} of non-zero distinct 
elements of k converging to a non-zero element X € k, where for all i 
VA, > 1 + [W(w)| «. For each A, of the sequence we pick an m(d,) > 1 
such that 

(Au)"°9 — (Am) = 7,€k, + =0,1,2.... 
n(,) © by Lemma 1. The relationship 
W[(Au)"9?] = 2nQaQJ[VOA,) + W(w)] > nav) 


then shows that the element (Aju)"°® converges to 0 in K. \,u converges 
to Xu, X # 0. It follows that {y,} is a Cauchy sequence in k and thus must 


converge to an element 7 € &. We have now analysed al! the terms of the 
equations 


(Au)"9) — Au = ¥4, ‘ue £2... 


and, letting i—@, we can conclude that }x = 7, X + 0. Hence u € & and 
k = K. 

We are now in a position to rule out the possibilities (1) and (2). K isa 
finite separable extension of k since its generator u satisfies the separable 
polynomial up" — yw € k. In (1) we take as our set of valuations of k all those 
which act trivially on the prime field C, and in (2) we consider all those 
which reduce to p-adic valuations of R. We shall denote the ring of integers 
of k by o and the discriminant ideal of o by d. We let G(V) stand for the 
value group of a valuation V of k. If B is a subgroup of a group A then the 
index of B in A will be symbolized by (A : B). 

Lemma 2 tells us that no valuation V of k can ramify in K. Indeed, K = k 


os a 


=) 
st 
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implies that G(W) = G(V), where V and W are the valuations of the com- 
pletions k and K relative to V and any extension W. It follows then that 
the ramification number e = (G(W) :G(V)) = (G(W) :G(V)) = 1. To say 
that no valuation V ramifies means that no prime ideal of o divides the 
discriminant ideal d. Since any proper non-zero ideal of o is a product of 
prime ideals we must assume that d = o. But this forces K = k, a contra- 
diction. We must therefore conclude that the possibility (3) does occur, in 
which case u™ = u for suitable m(u) > 1, since P(x) is a finite field. (What 
we have actually done in ruling out the possibilities (1) and (2) has been 
to prove a slight generalization of a theorem of Krasner (7). The proof 
appearing in his paper could also have been used here, but the argument we 
have given is of a less complicated nature.) 

So far in the proof of Theorem 1 we have shown that if u is any commutator 
of D then either u € Z or u™™ = u. Suppose that u = xy — yx # 0 € Z. The 
commutator 


x = (xu)um! = [x(xy) — (xy)x]um! = (xu-") (xy) — (xy) (xu-) 
does not lie in Z. Also the commutator ux ¢ Z, since 
(ux)y mane y (ux) == u(xy _— yx) _ u? x 0. 


It follows that x"+! = x, that is, x* = 1, and (ux)"*! = y™'x"*! = ux, that 
is, u™x™ = 1, for suitable m, n > 0. Therefore 
™)\* 


mn . HM 


l= (4x = ff" = y™ that is, st = x. 


We thus conclude that for all commutators u of D uw" = u where m(u) > 1 
is an integer. This completes the proof of Theorem 1. 

At this point we remark that subrings and homomorphic images of y-rings 
are themselves y-rings. Using the Jacobson structure theory, we know that 
every primitive y-ring is either a division ring or else contains a subring which 
has as a homomorphic image the set D» of all two by two matrices over some 
division ring D. Since Dz is clearly not a y-ring, we have by Theorem 1: 


LEMMA 3. Every primitive y-ring is a field. 
The following easy lemma is useful in simplifying our problem: 


LEMMA 4. Suppose a ring R is a subdirect sum of rings Ra, each satisfying 
the polynomial identity f(u1, u2,..., Mm) = 0 with integer coefficients. Then R 
also satisfies this identity. 


THEOREM 2. Every semi-simple y-ring R is commutative. 


Proof. R is isomorphic to a subdirect sum of primitive rings R,, each of 
which is a y-ring and hence commutative by Lemma 3. Then R is commuta- 
tive, from Lemma 4, if we choose as our polynomial f(y, w2) = wise — wos. 


CorOLuary. If Ris any y-ring, then every commutator of R lies in the radical N. 
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2. The general solution. Theorem 2 enables us to assume without loss of 
generality that the (Jacobson) radical .V of our y-ring is non-trivial. Further- 
more, R may be taken to be subdirectly irreducible. Indeed, assuming for the 
moment that all commutators of subdirectly irreducible y-rings are central, 
any y-ring R is a subdirect sum of subdirectly irreducible y-rings R,, each 
of which satisfies the polynomial identity 

(Mise — Moei)Ms — Ms (Mime — Moy) = VO. 
Then by Lemma 4 R satisfies this same identity, which is precisely the 
property we wish & to have. 

Therefore from now on R will be a y-ring with radical V # 0, centre Z, 
and unique minimal two-sided ideal S # 0. 


LEMMA 5. S? = 0.* 


Proof. S C N since N # 0. Let s € Sand x € R. (sx — xs)" — (sx — xs) 
S(\Z for some n= n(s,x)>1. If (sx — xs)" — (sx — xs) = 0, then 
(sx — xs) = 0, since sx — xs V and no non-zero radical element can be 
a radical multiple of itself. If 


u = (sx — xs)" — (sx — xs) € 0, 
we consider the two-sided ideal 7 = uS C S. T must be trivial, for otherwise 
T = S, and uv = u for some v © S forces a contradiction. Thus 
ut = |(sx — xs)"—'|[(sx — xs)]t — (sx — xs)t = 0 

for all ¢ © S, from which we get (sx — xs)t = 0, since (sx — xs)t is a radical 
multiple of itself. So far then in our proof we have shown that (sx — xs)t = 0 
for all s,t © S and all x € R. 

Again let s # 0 © S. The right ideal sS is two-sided because 

(xs)t = (xs — sx)t + s(xt) $(xt) sS 

for allt © Sand x © R. sS is trivial, for if sS # 0, then, since it is a two-sided 
ideal, sS = S, and we are faced with the familiar contradiction that st = s 
for some t © S C_N. Since the choice of s was arbitrary, S? = 0. 

The next lemma is actually valid for any y-ring. 

LEMMA 6. Let x, y © R. Then (xy — yx)"c, — (xy — yx) © Zn = 1,2,..., 
where the c, are suitable polynomials in xy — yx. 


Proof. We set w = xy — yx and proceed with a proof by induction on n. 
For n = 1 we set m = n(w) and choose c; = w”—'. We now assume the lemma 
true for k = n — 1 and prove it for k = n. Indeed, w*~'c,_, — w € Z by 


assumption, where c,_; is a polynomial in w. We may as well suppose that 
m is odd, since a similar argument will prevail in case m is even. Then 
(w"-'c,_ 1 — w)™ w'c, — w" € Z, 


*The proofs of this lemma and the succeeding ones are patterned after those given by 


Herstein in his papers (2; 4; 5). 
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with ¢, clearly a polynomial in w. Combining this result with the fundamental 
condition w" — w € Z, we finally achieve 


wc, — w= (wc, — w") + (w" — w) € Z. 


By choosing a sufficiently large m according to Lemma 6 we are able to 
state a useful 


COROLLARY. Jf xy — yx is nilpotent for some x, y © R, then xy — yx © Z. 
LEMMA 7. Every commutator of R is nilpotent. 


Proof. Suppose there exists a commutator w = xy — yx which is not nil- 
potent. Consider the collection of all ideals of R which enjoy the property 
that all powers of w fall outside the ideal. The zero ideal is clearly a member 
of this collection. Partially ordering the collection by set inclusion, we are 
able to choose by Zorn’s Lemma an ideal U which is maximal with respect 
to the property that w* ¢ U for m = 1,2,3....So if V contains U properly, 
where V is an ideal of R, then w*” V. In other words, for any non-zero 
ideal V of R = R/U there exists a natural number m, depending on V, such 
that #” < V, where # denotes the coset w + U. 

First of all, R cannot be subdirectly irreducible. Indeed, suppose that its 


minimal ideal 7 # 0. By the corollary to Theorem 2 w € NV, which means 


that # is a non-zero element in the radical M of R. Since M + 0, Lemma 5 
vields 7? = 0. A contradiction is quickly reached when we pick the m such 
that 7” T and see that #”" = 0 or w”" U. Hence we must assume that 


T = 0. 


Now let V be any non-zero ideal of R. #" © V for sufficiently large m. By 


Lemma 6 Wé,, — W is in the centre Y of R, where é@,, is a polynomial in w. 


Noting that #"é,, V, we see that 


(w"é,, )F — F(w"E,,) = DF — Fw | 
for all 7 © R. It follows that for all 7 © R wF — Fw 0) since the intersection 
of all the ideals of R is 0. In other words, w# F. 
wE = FHF — FFT is also a commutator of R. As we have just shown that 
wo « Y, (we)* = w*** for all natural numbers k. Thus for any non-zero ideal 


V of R a sufficiently high power of wz lies in V. Using exactly the same argu- 


ment as in the proof that # ©¢ Y but replacing # by #%, we can conclude 
that wz € Y. 


Because # and wz are both in Y, w#? (tj — Fz) (wE)G — 7( WE) 0), 


or w? © U, a contradiction. 
Lemma 7 and the corollary to Lemma 6, together with the remarks made 
in the opening paragraph of this section yield the 


Martn THeorem. I/f R is a y-ring, then every commutator of R lies in the 
centre of R. 
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We cannot in general hope to arrive at the sharper conclusion that any 
y-ring is commutative. Indeed, the set of all three by three properly triangular 
matrices over any field is an example of a non-commutative y-ring. 
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ON MATRIX COMMUTATORS 
MARVIN MARCUS AND NISAR A. KHAN 


1. Introduction. Let A, B, and X be n-square matrices over an algebraic- 
ally closed field F of characteristic 0. Let [A,B] = AB — BA and set 
(A, B) = [A, [A, B]]. Recently several proofs (1; 3; 5) of the following result 
have appeared: if det (AB) #0 and (A,B) =0 then A“'B“'AB — I is 
nilpotent. In (2) McCoy determined the general form of any X satisfying 


(1.1) (A,X) =0 


in the case that A has a single elementary divisor corresponding to each 
eigenvalue, that is, A is non-derogatory. In Theorem | we determine the structure 
of any matrix X satisfying (1.1) and also give a formula for the dimension 
of the linear space of all such X in terms of the degrees of the elementary 
divisors of A. Moreover, we apply our results to obtain a condition that B 
be a polynomial in A. It is a classical result (6, p. 150) that if [X, B] = 0 
whenever [A, X| = 0 then B is a scalar polynomial in A. We prove in Theorem 
2 that if (X. B) = 0 whenever (A, X) = 0 then B isa scalar polynomial in A. 

We also obtain the result that the dimension of the linear space K(A) of all 
such matrices B is precisely the number of distinct eigenvalues of A. 


2. Solutions of (A,X) = 0. Let A have the distinct eigenvalues \,, . . . , Ne 
and let 
(x = rn)”, 
cE oe eee ee q be the elementary divisors of A with the notation 
chosen as follows: 
For each 1 = 1,..., q 
Cu > > coe Dm Com; 
and 
(x — d,)*"” 
appears with multiplicity r;,, 7 = 1,..., Nj. 


THEOREM 1. The number of linearly independent solutions of 


(1.1) (A,X) =0 


is 
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i=) 


It is clear that we may assume A to be in Jordan canonical form J. Set 


pi = > rie 


the algebraic multiplicity of X,;. 
We write 


q 
(2.2) A= D> (Aid>, + Vi) 
i=1 
where J,,; is a p;-square identity matrix, V, is a p;-square matrix with only 
1 and 0 in the superdiagonal, all other elements 0, and }-’ indicates direct 
sum. 
We also write 


(2.3) Vi= > Uin Jc = lp + DS Uy 
j=l j=l 
and hence 
q m mi. 
(2.4) A=>) D> (adde,; + Uy). 
i=1 j=1 


where LU, is the direct sum of the e,;-square auxiliary unit matrix repeated 
ry times, j = 1,..., n; We partition X conformally with the partitioning 
of A indicated in (2.4). Now consider a block of X, call it C, that corresponds 
to A, and X, for i ¥ 7. A result obtained in both (2) and (4) is 


LEMMA 1. C = 0. 


From Lemma 1 we conclude that 


X= = xX, 


and X; is a p;-square matrix. To determine the structure of X; we may 
obviously confine our attention to the case in which A has a single eigenvalue 
with several elementary divisors. 


LEMMA 2. Let A be an n-square matrix with the single eigenvalue and let 


(x — A)"* be an elementary divisor of A of multiplicity r;, i= 1,..., t, 
vp >... >, DKjaitiv, = n. Then the most general matrix X satisfying (1.1) 
contains 


t 


t 
> (2,- lyri +4 > rere; 


i=1 


arbitrary parameters. 
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Proof. Since (1.1) holds for A — XJ if and only if it holds for 4 we may 
assume \ = 0 without loss of generality. Thus we assume 


t rT? 
(2.5) A=) D> U, 

i=—1 j=l 
where U; is a »;-square matrix with 1 along the superdiagonal and 0 else- 
where. If »; = 1 then U;, is the 1-square 0 matrix. We partition X conformally 


with A in (2.5): 


X = (X4;), 
and observe from (1.1) that 
(2.6) UX 9 +X yU5 — 2X WV; = 0. 
For the sake of simplicity of notation, we take U, = U as m-square, U V 


as m-square, and X,, = C = (c;;) as an m Xn matrix. There are three 
essentially distinct cases to consider: 


(i) m =n, (ii) m> n, (iii) m <n. 


The case (i), m = n, is done in (2) and (4) and in this case c,, = 07 > j, 
and the elements of each diagonal parallel (or equal) to the main diagonal 
are in arithmetic progression. Hence the number of arbitrary parameters in 
C in case (i) is 2(m — 1) + 1 = 2m — 1. The case nm < 2 is not considered 
in (2) but it is trivial to see that the number of parameters there is also 
an — 1. 

Case (ii): m > n. We have from (2.6) 


(2.7) U>C + CV? — 2UCV = 0. 
We assume in: what follows that m > 3. The case m = 2, n = 1 will be dis- 
posed of later. Let e; be the unit column m-vector with 1 in position i, i = 1, 


..,”. We evaluate the transform of «; by the left side of (2.7) to obtain 


(2.8) U2c, + cye = 2UC.-1, 
where c,; denotes the ith column of C, 1 Riss ka n. Co-ordinatewise (2.8) 
becomes for i = l,..., n 
(2.9), [31 Cen -->, Cmi, 0, O] + [e1, 1-2, Cayi-2y ss Cm—2,1—2) Cm—1,1—2) Cm, 1—2] 
2 | 1, €3,4-1 » Cm—1,1—19 Cm, i—1» VU} 


We show first that c,,; = 0 for i >j, i > 3. We compute the (7 + s) co- 


ordinate of (2.9); where s is one of the integers 0,... , m — 1; 
(2.10) Cirsea.s H Coes.t—2 — 2Ci4s41.1-1 i ¢ og eee m — (s + 2). 
We first note that from (2.8) for i = 1 we have 

U*c, = 0 


and hence 


(2.11) C3 = Cay =... = Cm = VO. 
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Consider the system (2.10) for 1 = 2,3,...,m — (s + 2) in succession and 
obtain 

Cs4+4,2 = 26543.1 = () (by 2.1 1) 

Cs46,3 = — Cota.1 + 2Cs442 = 0 

Cm ,m—(3+2) = Cm—2,m—s—4 + 2om im—e—3 = 0. 


Thus c,;, = 0 for i > j, i > 3. We now consider in succession the (¢ — 1) 
co-ordinate of (2.9), for i = 2,...,m (since n+ 1 < m), to obtain 
Ci+1,i + Ce-1,4-3 — 264,41 = 0. 
Setting i successively equal to 2,...,# we have 
C32 = 2Ca1, Cas = 3C21,.-- , Cotin = NCr 


Hence there is only one arbitrary parameter c2; in this diagonal of C. We 
next consider the elements c,, for i < 7. We compute the rth co-ordinate of 
(2.9),45, 7 = 1,...,” — 5s, where s is one of the integers 2,...,”—1, to 
obtain 

C3041 + Ci,s-1 = 2C2,, 

Ca.st2 + C2.5 = 262,041 


Ca—et2.n H Co—s.n—2 = 2Cp—s+1,0-1- 
Hence 
C1, s—1y C2,85 C3 stl) + + + » Cn—s+2.n 
are in arithmetic progression. Thus in each diagonal 
Get Ok 4 es 8 PR B= | 


there are two arbitrary parameters. In the diagonals d,_, and d, we accumu- 
late three more arbitrary parameters in C, C:»,-1, Cin) Ca. Hence the total 
number of arbitrary parameters in C for m > n is 


3+ 2(m — 2) +1 = 2n. 


We compute easily that for m = 2, n = 1, C involves 2m = 2 arbitrary 
parameters as well. 

Case (iii): 2 > m. We reduce this to case (ii) as follows: 

Let P, denote the k-square permutation matrix with 1 in each of the 
positions (k — j,j + 1),7 = 0,...,% — 1. Taking the transpose of (2.7) we 
have 


(2.12) C’(U")? + (V)2C’ — 2V'C'U' = 0. 
Now observe that 

U’ = P,UP», 

V’ = P.VP,, 


ane 


No 


We 
the 


spc 


an 
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and substituting in (2.12) using P,,? = J,, P,? = I, we have 
C’P,,U?P» + P,V?P,C’ — 2P,VP,C'P,UP, = 90. 

Now pre-multiplying by P, and post-multiplying by P,, we have 
(P,C’P,) U? + V?(P,C'’Pm) — 2V(P,C’P,)U = 0. 


Now P,C’P,, is n X m, the situation of case (ii). Hence P,C’P,, has 2m arbi- 
trary parameters and C has 2m arbitrary parameters. 

Returning to the statement of Lemma 2, we conclude from case (i) that 
any block in the partitioning of X corresponding to equal U,’'s contains 
2v, — 1 arbitrary parameters and there are r,? such blocks for each i. Also 
from (ii) and (iii) any block in X corresponding to U;, and U;, i < j, contains 
2v, arbitrary parameters (since for i < j, v; > v,). Hence the total number 
of arbitrary parameters in X is 


t t 
‘ 2 
> (2, —1ri +4 >> rey. 
i=1 i<j 
We return now to the proof of Theorem 1. By Lemma 1 we need only add 
the total number of parameters of the g main diagonal blocks of X corre- 
sponding to each A;. By Lemma 2, this number for a fixed X, is 


ni ne 
p> (2e,; — 1)ri; + 4 yo Tiff lin: 
j=l qh 
Summing this fori = 1,..., q we obtain the formula (2.1) and the proof is 


complete. 


3. The space K(A). Let P be a non-singular matrix satisfying 
(3.1) PAP = J 


and let Y = P-'XP and C = P-'BP. Then (P-'AP, P-'BP) = P-'(A, B)P 
implies that B € K(A) if and only if C © K(J). As indicated earlier, if 
(J, Y) = 0, then 


g . 
(3.2) Y= > Y, 
and Y, is p,-square,s = l,...,q. If 


(3.3) Y, = (Y,,;),24,j = 1,...,%,™, = > Tos 


indicates a partitioning of Y, conformally with the partitioning of J, in (2.3) 
then we have seen in the proof of Theorem 1 that a block in (3.3) isan e,,; X e, 
rectangular matrix with the following structure: 


Le Gsg > C2. 
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(i) each diagonal, except the element in the upper right corner, parallel 
or equal to the diagonal starting from the upper left corner involves two 
arbitrary parameters, and the elements in each of these diagonals are in 
arithmetical progression; 

(ii) there is one non-zero diagonal immediately below the diagonal starting 
from the upper left corner, containing one parameter only. The elements are 
of the form a, 2a, 3a,..., ¢,@ for an arbitrary a € F; 

(iii) all other elements are zero. 


2. Cet < Cy. 

(i) the diagonal d ending in the lower right corner and those above it 
each involve two arbitrary parameters and the elements are in arithmetical 
progression, with the exception of the upper right corner element which is 
arbitrary ; 

(ii) the diagonal immediately below d contains one parameter and the 
elements are of the form e,,a,..., 3a, 2a,a for an arbitrary a € F; 

(iii) all other elements are zero. 


3. ss = Coy 

The block is upper triangular. Each diagonal involves two arbitrary para- 
meters and the elements are in arithmetical progression with the exception 
of the upper right corner element which is arbitrary. 

Let L(J) be the linear space of all Y satisfying (J, Y) = 0. 

LemMA 3. (Y, C) = 0 for each Y © L(J) if and only if 
(3.4) C= > c,l, 

=1 

where c, € F,j = 1,2,...,¢. 

Proof. The sufficiency of (3.4) is clear. By the above description of L(J), 


q 


> tle, € LJ) 


j=l 
for any x, € F. 
Hence (Y, C) = 0 implies 


C= pay A 


C, is p,-square. Now (Y,C) = 0 implies that (Y,,C,) = 0, s = 1,...,4¢. 
We may choose Y © L(J) with 


ne 

Y= 2 

j=! 

for arbitrary x,. © F and conclude that 


C,= pay e. 


Lgall 0; 
=] 


a 


fo 
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where C,, is a direct sum of r,; e,;-square matrices j7 = l,..., n,. Let M,,; 
be any one of the e,,-square blocks whose direct sum comprises C,,. 

We next show that C, is a scalar multiple of the identity by noting first 
that (Y,, C,) = 0 implies that (D,,, M,;) = 0 where D,, is an e,;square 
diagonal matrix with diagonal elements (in arithmetical progression) along 
the main diagonal. Hence M,, is diagonal. Let 


My; = diag (a, Ge, «+ » Bess) 


Now we may choose Y, such that the equation (Z,,, M,,;) = 0 holds, where 
E,,; is és;-square and 








0 x 0 0 
0 0 x+y 0 
E., =). . 
0 0 0 — x + (¢,; — 2)y 
0 0 0 saa 0 


Now (E,,, M,,;) = 0 is equivalent (for the case e,, > 3, the case e,, < 2 
is trivial) to 


E2,My; + MyjEty = 2EyjMajE uy. 
Elementwise we have 
(x + (t — 3)y) (x + (t — 2)y) (ap + ap_2 — 2ay-1) = 0 
for ¢ = 3,...,¢,, and for arbitrary x, y. Hence we conclude that 
ty, Cla, . . » » Bee; 
are in arithmetical progression and thus we may write 
(3.5) M,, = diag (a,a + B,...,a@+ (e,; — 1)8). 


We next show that 8 = 0. To this end we choose Y, such that (Y,, C,) = 0 
implies the following: 


(3.6) (Fry, M.3) = 9, 
where 
1 ] 0 
0 2 0 
F,, =]. , . 
0 0 ome ] 
0 0 eT Cs; 








From (3.5) we obtain by computing the (1, 2) element of (3.6) that 8 = 0. 
Hence 
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where 


We next show that all x, are equal. Let 
¥1 = Xi, Y2 = X12,... » Vret - Xirsis Vreitl = Xely- ++; Yms _ Xneren,- 


Then from (Y,, C,) = 0, it follows that 


D ve%asVio t+ D> vaVesVirn = 2 Dd. ysVujVye, u,v = 1,2,..., my 
j=l j=l j=l 


We have, by computing the block in the upper left corner (that is, the 
one conformal with Yj,), 


¥1 2d Yuy¥n = p> Vs Vig¥ pr. 
(3.7) DY (n— x) ¥y¥pn = 0. 
j=2 


For a fixed t, 1 < t < m,, choose the e,; X e,, matrix (recalling that 
Cs1 > €st) 


Cat 


Yi, = zy G5;, 


where G,, is an é,; X ¢,, matrix with 1 in the (j, 7) position and zeros else- 
where. Also choose 


Yu= > Ay, 


j=l 


where H,, is ¢,; X és; with 1 in the (j,7) position and zeros elsewhere, and 
let Y,, = 0 for 7 ¥ t. Then (3.7) becomes 


os Ve)Le,; = (). 
Hence 9; = y,, ¢ = 2,3,..., m, and C has the form indicated in (3.4). 


THEOREM 2. If (X, B) = 0 for any X satisfying (A, X) = 0, then B is a 
scalar polynominal in A. 


Moreover the dimension of the linear space K(A) of all such B is given by 
dim K(A) = gq, 
where q 1s the number of distinct eigenvalues of A. 


Proof. We have seen that B € K(A) if and only if C = P"'BP € K(J) 
where P-'AP = J is the Jordan canonical form of A. 


wl 


Ni 


wl 


re 


Ww 
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Moreover, by Lemma 3 


qd 


Cc = > C415; 


j=l 


where c, € F are arbitrary. This implies immediately that 
dim K(A) = q. 


Now 


* 
B = PCP" = P(> csly,) P : 


j=l 


Let 0, be the p-square matrix of zeros and let 


E, = Py; + 1,, + 0,;)P™, 


where 
j—1 j 
ty= 2 Pots =n— Do oy G=1,2,...,¢. 
t=1 t=—1 


Then the £, are the principal idempotents of A corresponding to the \, 
respectively and each E, is a scalar polynomial f,(A) in A (7, p. 29). 
Hence 


where 


fle) = Lo esf,(x). 
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ON NULL-RECURRENT MARKOV CHAINS 
JOHN LAMPERTI 


1. Introduction. Throughout this paper, the symbol P = [P,] will 
represent the transition probability matrix of an irreducible, null-recurrent 
Markov process in discrete time. Explanation of this terminology and basic 
facts about such chains may be found in (6, ch. 15). It is known (3) that 
for each such matrix P there is a unique (except for a positive scalar multiple) 
positive vector Q = {q,} such that QP = Q, or 


(1) qs = > iP 43; 


this vector is often called the ‘‘invariant measure’’ of the Markov chain. 
The first problem to be considered in this paper is that of determining for 
which vectors U = {y,} the vectors U™ converge, or are summable, to 


the invariant measure Q, where U™ = UP" has components 
(nm) (n—1) (0) y(n) 
(2) we = Dl Py = DS aP PR. 
t 1 


In § 2, this problem is attacked for general P. The main result is a negative 
one, and shows how to form U™ for which U™ will not be (termwise) Abel 
summable. As this negative result shows, the operators formed from P do 
not obey the mean ergodic theorem. (It is interesting to contrast this situation 
with the case when P is the stochastic matrix of an ergodic Markov chain (6).) 
However, in § 3 more inclusive positive results are found for two special 
classes of matrices P. 

The invariant measure may be used to form a stationary process as follows: 
let N,° be independent Poisson random variables with respective means q,, 
and suppose that at time 0, NV ,° particles* are placed in state i of the Markov 
chain. Suppose that each particle thereafter moves according to the law of 
the chain independently of the others, and let NV “* be the number of particles 
in state 7 at time . Then for each nm, the random variables N / are independent, 
Poisson, and have means g;. These facts are due to Derman (4, Theorem 2). 
It is then natural to ask if there are not non-stationary processes associated 
with P which converge to this stationary process as a limit, and in fact 
Derman has already done so in (4). The vectors A, with components N ," 
form a Markov process which has an “invariant measure”; and the general 





Received January 19, 1959. This work was supported by the U.S. Office of Naval Research. 
*We shall speak of ‘moving particles” throughout without further apology. More exact 
statements may easily be supplied (as been done in (4)) at some cost in intuitive appeal. 
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theory of such processes together with other arguments, yields a variety of 
results. Here we will take a slightly different point of view. 

Actually, the first problem described above is closely connected with the 
second in the following way: let N° be independent, non-negative integer- 
valued random variables with means u,;, and as in the construction of 
Derman’s stationary process put .V,° particles into state i at time 0 and let 
the particles move independently. Then it is not hard to see that NV", the 
number of particles in state i at time m, has mean u,”. Therefore the term- 
wise convergence of LU’ is a necessary condition for the existence of Poisson 
limiting distributions for the V,". In § 4, we give a sufficient condition that 
these limiting distributions exist and are Poisson; the condition roughly is 
that U™ converge termwise and the variances of the N,° are not too large. 
This theorem is closely related to Theorem 6 of (4), and the proof is similar; 
however, our result, with the aid of the material of §§ 2 and 3, does apply 
to certain cases where the hypotheses of (4) are not satisfied. This sort of 
theorem has also been discussed by several other authors for the case of 
spatially homogeneous (sums of random variables) processes. 

In § 5 a different sort of convergence is considered. Instead of putting all 
the particles into the various states of the Markov chain at time 0, they can 
be introduced continually into some fixed state and allowed to diffuse away 
from it. It is shown that this can always be done in such a way as to obtain 
convergence to Derman's stationary process. This sort of process was suggested 
to the author by F. Spitzer. 

Finally, we observe that many of our results have analogues in the case 
of continuous time-parameter Markov chains. With the aid of recent work 
on such chains, mainly that of K. L. Chung, it appears that proofs quite 
similar to those in the discrete case can be given. These ideas will not be 
carried out in this paper. 


2. The convergence of U™. The multiplications UP" will be well 
defined provided that 


(0); 
(3) lui | < May, 
and this condition will be assumed hereafter. It is also assumed that the 


uw, are real. 


THEOREM |. Suppose that for each i the sequence yp; is Abel summable; call 
the limits u;. Then there is a constant a such that wp; = ag, for all 1. 


Proof. Without loss of generality we can assume that uv,“ > 0. For in any 
case, there is an M such that 


(0) 


"= a + Mq: > 9, 


nm) 


and yp,‘ 


is summable to u, + Mgq,; if these numbers are multiples of the q, 
by a constant, so are the p,. 
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Now proceeding formally we have 

> wPy = Dd Py lim (1 —x)>> rent = lim (1 — x) >> Puy >> wx" 
‘ i z>1-— n zl t n 


° ' . l—2 
i lim (l wc x) 8 x" r ur Py = lim x 2 Yt = pj. 
t z~1— 


z>1— n n 





Actually the exchanges of limits are justified; the first one since 


0<(1—<x) > ux" < Ma: for allx € (0,1), 


so that the sum over i is uniformly convergent, and the second since the 
terms summed are non-negative. Hence, yu; are a solution of (1), and nu; > 0 
since we assumed yu; > 0 for all 1. The uniqueness of such solutions com- 
pletes the proof. 

We shall use (m) to denote the Banach space of bounded sequences of real 
numbers (sup norm) and (c) for the subspace of convergent sequences. This 
notation and other facts about Banach spaces used below may be found in (1). 


THEOREM 2. Let {x,} € (c), and let wp; = x.q;. Then for all i, 


(4) lim p” = g,lim {x;}. 
n 


Proof. We can assume that x;— 0, since if the limit is a we consider 
ui — ag; instead of u;. If « > 0, by the hypothesis we can put 
(0) (0) (0) 
Mi = My +o, 
where |»,| < $q,¢ and only a finite number of w; are different from 0. Now 
for each 7 


(n) (0) ri) 
wy = > w! PP 0, 


t 


since P,;” — 0 for each i, 7 (6). Also, it is easy to see from (1) that 
(nm) 0) pi) 
bP | = | rs 
t 
| 


Hence for large n, |u;| < eg; and so wu,” —0 for every i. This and the 
remark above prove (4). 

The theorem just proved seems far from what one might hope for, but it 
does provide a class of sequences which, in any order, when multiplied by 
the invariant measure yield a vector U™ for which U™ is convergent. 
Actually, the convergent sequences are the only ones with this property: 


< 4eq;. 





THEOREM 3. For each P and each sequence {x,} © (m) but which is not con- 
vergent, there is a permutation x of the positive integers such that if U is formed 
using the rearrangement of {x,}, that is, 


(0) 
Bi = Xe ‘Tis 


then for some i, wu fails to be Abel summable. 
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The proof rests on two lemmas, which may be of independent interest. The 
first is a much less precise version of the theorem. 


LEMMA 1. For each P, there exists a sequence {x,} © (m) such that if u,. = xq, 
then for some i, wu; is not Abel summable. 


Proof. Let l(qg) be the Banach space of sequences {y,} such that 
Ill = 2 Ida < @. 
With respect to the inner product 
(y,x) = > VMs 


(m) is the conjugate space of /(g). We can use the matrix P to define an 
operator 7 of norm one on I(q): 


{Ty}. = »» Py. 


It is easily verified that the operator 7* on (m) defined by 

: 1 

{7*x}, =o pF iQ iP iy 

qi i 
is the adjoint of 7. 
Let 5* stand for the sequence whose kth term is one and the rest zero. Then 
for |z| < 1, 
(a-2) "Ts, 8°) = gil — 2) Pie" 


which has limit 0 as z+ 1 —. This means that for fixed j if the vectors 
(1 — z) >-,2"7"8’ have a weak limit as z > 1 —, that limit must be zero. But 


for any z < 1, 
(( —z) > 27's’, 1) = 4g). 


Therefore (1 — z) >>,2"7"6’ does not converge weakly to zero, and hence 
has no weak limit. But the space /(q) is weakly complete; we conclude that 
there exists a linear functional (that is, a sequence {x,} € (m)) such that 


(( —z) > 27's’, x) = (1—2) > 264, T*"x) 
=(1-—2z) ) # > xqP9 =(1-2) D> 2% 
n t 
does not have a limit as z ~ 1 —. This is the assertion of the lemma. 


Remark. We have actually proved that for each j, there is an x € (m) 
such that if wu, = x q,, then the wu,” are not summable. It is not hard to 
add that there is an x with non-negative components such that for no j does 
uy form an Abel summable sequence; this is not needed in the proof of 
Theorem 3. 
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LEMMA 2. In the class of closed subspaces of (m) which are invariant under 
all reorderings, (c) 1s maximal. 


Proof.* Let (d) be a closed subspace of (m) containing (c) and such that 
{x,} € (d) implies {x,,} © (d) for any permutation z of the integers. Suppose 
that (d) contains a sequence consisting only of 1's and 0’s and with an infinite 
number of each. Then (d) contains all sequences containing only 1's and 0's. 

A sequence will be called ‘‘simple”’ if it contains only finitely many different 
numbers. Under our assumptions, all simple sequences belong to (d), since 
such a sequence is a finite linear combination of sequences consisting of I's 
and 0’s. But any bounded sequence can be uniformly approximated by 
simple ones, so (d) must equal (m). 

Now suppose instead that (d) contains some sequence which is not con- 
vergent, say {y,}. Then there must be two convergent subsequences, say 
{yaco} and {ymco}, with limits a and 8 respectively, a # 8 # 0. By adding 
two suitable convergent sequences and multiplying by a constant, we can see 
that {z,} © (d), where 


: fest B 


Zac) = 1, 2ucx) = O, and 2; = — 
a-—-B 


for other values of j. (d) then also contains {w,} where 


Wace) = 1, Waei-t.) = O = Way, and w Z, 


otherwise, since this sequence was obtained from {z;} by a rearrangement. 
Subtracting, we obtain a non-convergent sequence of 1’s and 0’s only which 
belongs to (d), and by the argument above we conclude that (d) = (m), 
which completes the proof. 


Proof of Theorem 3. The quantities u,;“ are now defined by (2) using the 
matrix P under consideration. Let (e) be the class of all sequences {x,} © (m) 
such that if up; = x,.q,, then un,” 
permutation 7 of the integers. By definition, (e) is invariant under reorder- 
ings; by Theorem 2 (e) D (c). It is not hard to see that (e) is a closed 
subspace of (m), but from Lemma 1 we know that (e) # (m). Therefore 
by Lemma 2, (e) = (c), which proves the theorem. 


is Abel-summable for each j and for each 


3. Special classes of P. In the previous section, dealing with arbitrary P 
having no intrinsic ordering of the states, we considered sequences giving 
rise in any ordering to convergent yu; . Here we shall look at certain Markov 
chains in which there is a natural order for the states. First consider a Markov 
process consisting of sums of independent, identically-distributed random 
variables X, taking integer values, and let P be the matrix of transition 
probabilities. Then g,; = 1 for all j is a solution of (1); the sequences y»,“° 
satisfying (3) are just those in (m). Let 


*A discussion with Halsey Royden was very helpful in proving this lemma. 


SC 
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by = Pr(X, = j) and o(x) = >> e™p,. 


Nee oy 


(In this section, the letter 7 will not be used for an index.) 


THEOREM 4. If 
wT 
(5) wi = + | eMaR Ce), 
—* 


where v, +0 as j++ © and F(x) is of bounded variation, then u,™ is 
Cesdro summable for each k. If gcd{j:p,; = 0} =1, the sequences uy, are 
convergent. 


Proof. \n view of Theorem 2, we can assume the v, are zero. Then by (5), 


7 
(n) (0) zn) (nm) jz _ 
Me = ) My Pr = | Zz Pre dF (x). 
’—7 3 


| 


But 
P® = Pr(Xi+...+X, =k -—j), 

so that 

> Pz = $"(x). 

7 
Hence 
(6) un = | e* 6 "(x)d F(x). 
If gcd{j7 : = 0} = 1,x = Ois the only point in [— z, x] at which |¢(x)| = 1, 

J:Pi yI | 

and so 4” converges to the jump of F(x) at 0. If the gcd = d, say, then 
|\o(x)| = 1 only when e® is a dth root of unity, and Cesaro convergence 


follows from (6). 

Another type of Markov chain with intrinsic ordering of the states is a 
random walk. Karlin and McGregor have shown (7) that for every random 
walk on the non-negative integers there is a non-decreasing function W(x) 
such that 


el 
(7) PS = @ j x"Q,(x)Q,(x)dy(x), 
e 1 


where as usual g, are a solution of (1) and the Q,(x) are the orthogonal 
polynomials of the measure dy(x), normalized so that Q,(1) = 1. 


THEOREM 5. If, in the case of a null-recurrent random walk, 
vl 


(8) wy = gylyy + Qs(x)dF (x) | 


where F(x) is of bounded variation and y, — 0, then yu," converges for each j. 
The limits of uj exist if and only if F(x) is continuous at — 1; in any case 
the Cesdro limits exist. 
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Proof. As before, it is enough in view of Theorem 2 to consider the case 
when y, = 0 for all 7. Using (7) we have 
el 
(9) we? = lim DS pr’ PY = lim a | x"Or(x) DS wSr’Q,(x)dy(x). 
r>+1— 7 r+l -1 3 


Putting » = 0 and taking note of (8) gives for each k 
al 


el 
qk Q,(x)dF(x) = lim a | Ox (x)dF,(x), 
=f r+l —1 


where dF,(x) = ¥ yu;r’Q;(x)dy(x); this implies that for every polynomial 
f(x), 

el vl 
lim | f(x)dF (x) = j f(x)dF (x). 

—1 e/—1 


r+l— 


Hence (9) can be rewritten as 
el 
a” = a | x"Q,(x)d F(x) 
1 


from which the conclusions of the theorem are obvious. 


4. Convergence to Derman’s stationary process. In this section we 
assume that at time 0, there are NV ,° particles in state j of the Markov chain, 
where the random variables V,° are independent and 

uy’ = E(N,’), m, = E[N;(N; — 1)]. 
The particles then evolve independently of each other according to the law 
of the chain, and the number in state j at time m is called N,*. It is easy to 
see from (2) that E(N,;) = uw,;”. It is also not hard to verify (Derman’s 
computations in (4) do it) that if the .V,° are all Poisson distributed, so are 
the NV,". In this case the question of the existence of limiting distributions 


as m—o reduces to the existence of limits of the sequences y,”. 
We shall investigate a more general situation: 


THEOREM 6. Suppose that for some k, the moments of the random variables 
N;° satisfy 


(10) lim max py” PH? = 0 and lim >> m,(P%)* = 0. 


nc I n rx J 


Suppose also that up, = lim uy, exists. Then as n ©, the distribution of N, 
approaches a Poisson distribution with mean p;,. 


Remark. For each k such that 
(11) lim max g,P% = 0, 
N sco j 


condition (10) holds provided the simpler conditions 


(12) \us”| < Mg, and |m,| < Mg} forall j 





1 


les 


rn 
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are satisfied. For most interesting types of Markov chains, (11) holds for 
all k. However, an example of a chain with a state not satisfying (11) can 
be constructed along the lines of Example 4 of (4). 


Proof of Theorem 6. The proof is based on the use of generating functions. 
Let 


(n) a Nt 
fe (x) _ E|x 1, 
and notice that 
N= > Ne 
7 
where Vy" is the number of particles which are in state j at time 0 and in 


state k at time n. For given m and k the Ny" are independent, and N ,,." 


is the sum of N,° independent random variables equal to 1 or 0 with prob- 
abilities Py and 1 — P,;™. Combining these facts gives 
(13) a (x) "i fra — P? 4. PY x ‘). 


Now under our assumptions, 


(14) fyi - PS (l—x)]= - py PY (1 — x) + 46, m {Pi (1 - x)]* 


where 0 < 6, < 1. Substituting (14) in (13), taking the logarithm, and using 
the estimate 


s-1>ige>s-1-8=2 





u 
for 0 < u <1 yields 


oe. f(x) — y (x — 1)yP®| < < p> 6m,|Pp (1 — x)]’ + 


as) ltt tae + mde — or 

z (1 — x) + fom 1P OU — x)] 
For n large, the first bounding term is arbitrarily small because of the second 
part of (10). The denominators of the second term are uniformly bounded 
away from 0 for large m, again by (10), and, further, it follows that the sum 
of the numerators in the second term approaches 0 as m increases. All these 
estimates hold uniformly in x for 0 < x < 1. Since it was also assumed that 


(m) 


uy” — pp, an additional estimate in (15) yields the conclusion that 





J 


lim log | fe'(x) = (x — 1)m 


Rac 


uniformly for 0 < x < 1, and the theorem follows. 


Remark. Theorems of a similar sort have been proved for spatially-homo- 
geneous processes by Maruyama (8) and (more generally) by Dobrusin (5). A 
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theorem (similar to Maruyama’s) for the case of discrete time and states is 
found in (9); a very similar result can be deduced from Theorems 2 and 6 
of the present paper. Using in addition Theorem 3 allows a generalization, 
which overlaps with some of the results of (5).* 


5. Another type of process. In this section we suppose that a special 
state of P, say 0, has been selected and that X, particles are put in state 0 
at each time m. As before, the X, are independent, and each particle, once 
introduced, independently moves subject to the law of the Markov chain. 
Again let V;* denote the number of particles in state i at time m; let 
E(X,,) = a,. It is not hard to see that 


n 
(16) E(N%) =e? = DO a.Psr”. 

l=0 
First we shall study convergence properties of the u,;”, and then give a 
theorem analogous to that of the last section on the convergence of the 
distributions of NV ,". 


THEOREM 7. If for some value of k, the sequence nu,“ is Abel summable to 
sum py, then pw, is summable for all i to u;, say, and there is a constant a such 
that uw, = aq; for all i. 


Proof. Let U;(x) = Dwi x", A(x) = ¥,a,x", and P,,(x) = Py". 
From (16), 


(17) U,(x) = A(x)Poi(x). 


From this and the hypothesis of Abel summability of u,“ we obtain 





Me 
A x) ~ — 
a (1 — x) P(x) 
as x + 1 —. Therefore for any i, 
U(x) ~~ — Me Po4(x) 


(1 — x) P(x) : 
But it follows from Doeblin’s ratio theorem (2) that 


° Po,(x) i 
> = as 
2s1l— } ox (X) dk 


Therefore {u,;} is Abel summable to g,u/q,, which proves the theorem. 
THEOREM 8. For each P, there exists a monotone sequence of positive numbers 


a, such that {u,™} converges for every k. 


*This result obtained by combining our theorems 3 and 6, specialized to the case of the 
coin-tossing process, may be compared with the example at the end of §1 of (4). It can be seen 
that Derman’s results do not contain ours, or vice versa 
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Proof. Let us define the a, by supposing that 


: vo 
. in (1 _ x)Poo(x)° 


It is easy to verify that a, | 0; in fact 


a, = fa’” + for” FP csey 
: where f, are the first passage probabilities for P. In view of (17), this 
f definition of A(x) implies that wo = 1 for all m. Now if k #0, let oP_™” 
be the probability of a transition from state 0 to state k in m steps during 


which state 0 is not revisited (2). It follows that if k # 0, 
Pox(x) = Poo(x)oP x(x), 


where »P(x) is the generating function of the oP“. Hence 


} 
' oats) P(x) l Po(x) 
> i x = ———— —— = es _ x 9 
; (1 — x)Poo(x) -x°* 
But YnowP«” < © (2), which implies that lim wu,“ = yu, exists. 
; Finally we study the distribution of V,"; define 
i 
} mM, E(X (X, — 1)). 

a THEOREM 9. Let {a,} be a sequence with the property specified in Theorem 8, 
and suppose that m, < Ma,°. Then for each k, N," is asymptotically Poisson 
distributed; the asymptotic means are proportional to the q,. 

Proof. Let g,(x) be the generating function of X,, and again let f, (x) be 
that of N,". Then 
n 
f(x) = T] gfl —  — xP”). 
1x0 
We perform upon this generating function very much the same sort of 
estimate which was used in the proof of Theorem 6. The result is that 
lim log f(x) = (x — 1) lim >) a,Pi° = (x — 1) 
n xx no» l=0 
uniformly for x © (0,1); the theorem follows. 
rs 
he 


en 
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ON MAXIMAL ABELIAN SUBRINGS OF FACTORS 
OF TYPE II, 


LAJOS PUKANSZKY 


1. Introduction. Although we possess a fairly complete knowledge of the 
abelian subrings of rings of operators in a Hilbert space which are algebraic- 
ally isomorphic to the ring of all bounded operators of a finite or infinite 
dimensional unitary space, that is of factors of Type I, very little is known 
of abelian subrings of factors' of Type II,'. In (1), Dixmier investigated 
several properties of maximal abelian subrings of factors of Type II. It turned 
out that their structure differs essentially from that of maximal abelian 
subrings of factors of Type I. He showed the existence of maximal abelian 
subrings in approximately finite factors,? possessing the property that every 
inner*-automorphism carrying this subring into itself is necessarily imple- 
mented by a unitary operator of this subring. These maximal abelian sub- 
rings are called singular. In addition, he constructed a II, factor containing 
two singular abelian subrings which cannot be connected by an inner *-auto- 
morphism of this ring.* 

The purpose of the present paper is to introduce new invariants for abelian 
subrings of a factor of Type II,. By means of these we shall be able to show 
the existence of infinitely many singular maximal abelian subrings of a factor 
of approximately finite type which, pairwise, cannot be connected by *-auto- 
morphisms of this ring. 

Indeed (cf. Lemma 1 below), we associate with every abelian subring of a 
II, factor an abelian ring, such that the rings corresponding to abelian 
subrings connected by *-automorphisms are unitarily equivalent. Since the 
spatial invariants of abelian rings in a Hilbert space are well known (4), we 
obtain a useful set of invariants for the abelian subrings, with the aid of 
which we construct various examples. 

The author is indebted to the referee for his valuable criticism; in particular 
Lemma 5 in its present form was suggested by him. 

Received January 8, 1959. 

‘We recall that a weakly closed self-adjoint operator algebra in a Hilbert space, which 
contains the unit operator (that is, a ring of operators), is a factor if its center consists only of 
the scalar multiples of the unit operator. A factor which is not of Type I is of Type I], if all 
isometries contained in it are unitary transformations. For a theory of factors cf. (2). When 
speaking simply of a ring, we always mean a ring of operators in a Hilbert space 

2A II, factor is of approximately finite type, if it is generated by an ascending sequence of 
subfactors algebraically isomorphic to the full rings of finite dimensional unitary spaces. Two 
Il, factors of approximately finite type are algebraically isomorphic and every II, factor 
contains such a subfactor. For details cf. (3). 

4Cf. (1). This factor is very probably not of approximately finite type 
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2. The invariants. Let M be a II, factor and P a maximal abelian sub- 
ring of it. Let Tr(A) (A € M) be the canonical trace on M. Putting 
(X, Y) = Tr(X Y*) for X¥, Y € M, M becomes a pre-Hilbert space; let A be 
the completion of M. If A€ M, there exist two bounded operators L, and 
R, on A, such that for X € M we have L,X = AX and R,X = XA re- 
spectively. Let us denote by R(P) the weakly closed abelian ring in A 
generated by the sets of operators {L,; A € P} and {R4;A © P}. 


LemMMA 1. Let M, and Mz be two I1,; factors, P; C M; and P, C Mz two 
maximal abelian subrings. Let be a *-isomorphic mapping from M, onto Mz, 
which carries P, onto P2. Then there exists a unitary mapping of the space A, 
onto the space Hz, which carries R(P;) onto R(P.). 


Proof. For this it is enough to show the existence of a unitary mapping U 
from A, onto A, such that 


UL, U- = Leva ) 
and 


UR,U" = Row 


for A, B € M. By the uniqueness of the normalized traces in II, factors we 
have Tr:(A) = Tre(¢(A)), so that putting U(X) = o(X) (X € M)) we get 
an isometry between the dense linear manifolds M, € A, and M2 € A, which 
can be extended to a unitary mapping U from A, onto A>. If A © Mi, X € Ma, 
then 


UL,UX = ULy@"'(X) = U(Ad"(X)) = o(AG""(X)) = O(A)DX = Lew X, 
and similarly 

UR,UOX = RyayX 
which proves our lemma. 


As a consequence of Lemma | we may conclude that to all spatial invariants 
of the ring R(P) correspond properties of P which are invariant under *-iso- 
morphisms of the ring M which contains P. Now let P be an arbitrary abelian 
ring in the Hilbert space H. As is known (4), there exists a uniquely determined 
sequence of mutually orthogonal projections P, € P(m = 1,2,..., +) the 
sum of which equals unity, such that the restriction of P into the subspace 
P,H is an n-fold copy of a maximal abelian ring. In particular, if P is unitarily 
equivalent to P,, then these sequences of projections in these two rings must 
correspond to each other. Our next objective is to construct a sequence 
P, (n = 1,2,...,) of singular maximal abelian subrings (cf. § 1) of an 
approximately finite II, factor so that for R(P,) only P,; and P, differ from 
zero. In this case clearly R(P,) and R(P,,) cannot be unitarily equivalent for 
n # m, and so (Lemma 1) P, and P,, cannot be connected by a *-automor- 
phism of M. 


—_— OD Fe 
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3. Examples. First we recall the following facts concerning the con- 
struction of factors of Type II, (cf. 1; 2; 3). Let G be a countably infinite 
group, and let L*(G) be the Hilbert space of all complex-valued square sum- 
mable functions on G. For a € G and f(x) € L*(g) define the unitary operator 


U, by 


(U.f) (x) = f(@"'x), 
and V, by 


(Vf) (x) = f(xa). 


Let M(G) be the operator ring generated by the set { U,;a © G}. Then M(G) 
is a factor of Type II, if and only if every non-trivial class of conjugate ele- 
ments in G is infinite. If, in addition, G is the union of an increasing sequence 
of finite subgroups, then M(G) is approximately finite.‘ Let Gp C G be an 
abelian subgroup and denote by P(G») the abelian ring generated by the 
set {U,;a € Go}. Then P(Go) is maximal if and only if for a € Go the set 
{gag~'; g © Go} is infinite. P(G») is singular if G has the following property: 
for every element a © Gy» and arbitrary finite subset B C G there exists an 
element go € Go, such that agoa~' € Go and from ggoh' = go (g,h € B) it 
follows that g = h. 

Alternatively, the ring M(G) can be described as follows. For f, g € L?(G) 
define 

(f X g)(x) = yo f(xy~")g(y) 
yeG 
and Ug =f X g. Then M(G) is the collection of those operators U,, for 
which Ug € L*(G) for every g € L?(G). For such an U, its adjoint U*, is 
U7, where 
F(x) = f(x”), 

and its trace is the value of the function f(x) on the unit element of G, or 
Tr(U,) = f(e). Let Go C G be an abelian subgroup and let us determine 


R(P(G.)). If A = U,; and B = U, then 
Tr(AB’) = Tr(UU;) = Tr(Upe) = (f X g)(e) = ¥ flx)g(x). 


reG 


Since the set of elements in L*(G) for which U; is a bounded operator is 
dense in L?(G), A (cf. Lemma 1) and L*(G) can be identified so that for 


A=U,(a€G) (La)f(x) = f(a'x) 
and (R,f(x) = f(xa) (x € G). So finally R(P(Go)) can be identified with the 


ring in L?(G) generated by the set of operators 


{U,, V,; a,b \ Go}. 


‘See footnote 2 
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In the following, G will denote a subgroup of the affine group over a count- 
ably infinite field K, obtained by restricting the subgroup of dilatations to an 
infinite subgroup G» of the multiplicative group of non-zero elements of K.5 We 
shall specify K and this subgroup later in a way which is suitable for our 
purposes. Alternatively, in each case G can be described as the set of all 
pairs (a,a) (a € Go,a € K*, where we denote by K+ the additive group of 
K), multiplication being defined as (a, a) (6, 8) = (ab, aB + a). 


LEMMA 2. Suppose that K is the union of an increasing sequence of finite 
subfields. Then M(G) is a II, factor of approximately finite type. 


Proof. (1, p. 282). Observe first, that in this case G is the union of an 
ascending sequence of finite subgroups. Therefore we have only to prove that 
every non-trivial class of conjugate elements in G is infinite. Suppose first 
that g = (a,a), where a # 0. Then (c,0) (a, a) (c,0)-' = (a, ca) and if c 
runs over the elements of Go we get infinitely many elements. On the other 
hand, we have (1, y) (a, 0) (1, y)-' = (a, y—ay), therefore, if a # 1, we get 
again infinitely many different elements when c varies over K, which proves 
our lemma. 


It is of some interest to remark that Lemma 2 holds true even if K is an 
arbitrary countable abelian field, though the proof for it is somewhat com- 
plicated.*® 


LemMA 2’. Let K be an arbitrary countably infinite field. Then M(G) is a Il, 
factor of approximately finite type. 


Proof. (For the following reasoning cf. (3, p. 793, § 5.5)). By the definition 
of the group G the space L?(G) is the collection of all complex-valued square 
summable functions of the variables a © Gp and a € Kt. Let X be the 
character group of K+, and uw the normalized Haar measure on it, and L?(X) 
the Hilbert space of square integrable functions on it. For f(a, a) € L?(G) we 
denote by F(a, x)(x € X) the function on Gp X X obtained by taking the 
Fourier transforms of the functions f(a, a) for each fixed a € Go. Since 


y v@r= > J ir, wide 


g¢G 


the correspondence f— F gives a unitary mapping from L*(G) onto 
L?(Go) @ L?(X) = H. For a € Gp let us put x*(a) = x(aa)(a € Kt); it is 
well known that the collection of the mappings x — x* is a representation 
of G» by automorphisms of the topological group X which leaves the Haar 
measure invariant. Moreover, since for a + 0 the set {aa;a € Go} is infinite, 


’The subgroups of dilatations and translations are the sets { (a, 0); a € Go} and { (1, -,); ve K}. 
In the following we shall sometimes write simply a and a instead of (a, 0) and (1, +) respectively. 

‘In the course of the proof we make use of the lemma 5.2.3. of (3), the proof of which has not 
been published yet. 


— OP TP 
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Go acts ergodically on X. For c € Go we have (c, 0)~'(a, a) 
that 


(c~'a, ca), so 


(U.F)(a, x) = pm f(c~a, c~'a)a(x) 


aeK* 
= >) f(ca, a) (ca)(x) = F(c~a, x*) 
aeK* 


so that the operator U. in H corresponding to U, is defined for F € H by 
(U.F)(a, x) = F(ca, x‘). For y € K+ 


(1, y)“"(@, a) = (a4,a—y). 


Introducing for a bounded measurable function ¢(x) on X the operator L, 
by (LF) (a, x) = o(x) F(a, x) (F € H), we get easily that the operator corre- 
sponding to V,(a € K*) in H is L,.,). Since the operators U, and U, (a © Go, 
a € K*) generate M(G), its image in H is generated by the operators U, 
and La). By virtue of the completeness of the system of characters {a(x)}, 
this ring is identical with the ring generated by the operators U, and L,, 
where ¢(x) is an arbitrary bounded measurable function on X. But, according 
to a result of Murray and Neumann, operator rings represented in this form 
are II, factors of approximately finite type (3, p. 787, Lemma 5.2.3). 


LEMMA 3. The ring P(Go) is a maximal singular abelian subring of M(G). 


Proof. (cf. (1 p. 282, Il. 22-36)). 

(a) We have (g,0) (a, a) (g,0)-' = (g,0) (ag-', a) = (a, ga). Hence if 
a #0, varying g over Go we get infinitely many different elements of the 
group G. 

(b) To preve that P(G») is singular, let B = {(a,;a,) = d,,j = 1,2,..., n}\ 
be a finite subset of G, and d = (a,a) € Go. For g € Go we have 


aga," = (a,, a,)(g, 0) (ay, a;)~* = (a;, a) (g, 0) (a;", —a;/;) 


= (a,, a;)(ga;', —ga,/a;) = (aga;’, — ga a,/a; + a;) 
and dgd-' = (g,a—ga). Since a # 0, this element is not in Gy for g ¥ 1. 
d.gd;-' = g implies a; = a,;, and —ga, + a, = 0, so that if in addition for 
every i,j and a, # 0, g # a;/a;, we have da, = Gy. 

Now we are going to find out more about the structure of the ring R(P(G»)) 
(in the following denoted simply by R), by specializing the group Gp» appropri- 
ately. We know (cf. above), that R is generated by the set of operators 
{U,, Vas g, hk € Go}. 

LemMMA 4. Let n + 1 be the number of double cosets of G according to the 
subgroup Go (m = 1,2,..., +0). Then R is the direct sum of a maximal 
abelian ring with an abelian ring of uniform multiplicity n. 


Proof. Let T be the set of double cosets of G according to Go, which differ 
from Go. For y € T let us put 
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M, = (f(x); f(x) € L°(G): f(x) = 0,x € ¥} 
Mo = (f(x); f(x) = 0, x € Go}. 


Then L?(G) is the direct sum of the mutually orthogonal subspaces Pty and 
M, (y € T). Evidently these subspaces are invariant with respect to the 
operators U,, V,(a, 6 € Go) and so they all reduce the ring R. Let a(y) = 
(a,,a,) be an arbitrary element from y. Since a, # 0, for g, g’ © Go ga(y)g’ 
= a(y), or (gg’a,, a,g) = (ay, a,) implies g’ = g = 1. Therefore, if for f € M, 
we define the function f’ on Gy X Go by f’ (x, y) = f(xa(y)y) (x, y © Go), we 
get an isometric mapping between Yt, and L*(Go X Go) such that to the 
operators U,and V, correspond translations by the same elements in L?(Go X Go) 
acting on x and y respectively. In particular, for y, y’ © I’ there exists an 
isometric mapping between the spaces Jt, and Pt, such that the restrictions 
of the operators U, and V, in these subspaces correspond to each other under 
this mapping. From this it follows at once that the restriction of the ring R 
in the orthogonal complement of the subspace WM,» is the n-fold copy of its 
restriction to any of the subspaces Mt). 

Similarly M> can be identified with the space L?(G»). 

Let X be the character group of Go. Then X X X is the character group 
of Go X Go, and via Fourier transforms we have an isometry between the 
space L*(Go X Go) and the Hilbert space of complex-valued functions 
f(o, ¥) (@, ¥ © X) square-integrable with respect to the Haar measure v on 
X X X. To the operators U, and V, correspond the multiplications by a(¢) 
and b(). Since these operators generate the ring of operators consisting of 
multiplication by any bounded measurable function on X X X, we see that 
the restriction of R in M, (vy € [) is maximal. Analogous reasoning shows 
that the restriction of R in Mp is maximal abelian too. In order to prove 
Lemma 4 it evidently suffices to show that the restriction of R in the space 
Mo @ M, (vy arbitrarily chosen from [) contains the projection on the sub- 
space Wo. By reasonings applied above this amounts to the following: Let Z 
be the sum of the topological spaces X and X X X, and let L?(Z) be the 
Hilbert space of functions on Z square-integrable with respect to a measure r, 
which coincides on X and X XK X with the Haar measures of these compact 
topological groups respectively. For a, b © Gp and F(p) € L?(X) (p € Z) let 
us define 


(LewF)(p) = han (p) F(p) 
where 


bo(p) — S20 if p= x EX 

0?) = lao) if p=(6v) EXxXX. 
Then all that we have to prove is that the ring generated by the operators 
La» contains the multiplication by the characteristic function of X. If a 
sequence of linear combinations of the functions h, ,(p) (a, 6 © Go) converges 
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on X X X uniformly towards a continuous function, then it converges uni- 
formly on Z towards a continuous function f(p) which satisfies f(p,) = f (ps2) 
if pp =xEX and po = (x,x) © X KX X. Conversely, every continuous 
function on Z satisfying this condition can be obtained in this way. Therefore 
the ring generated by the operators L,, contains multiplications by such 
functions. But since the characteristic function of the set X C Z can be 
obtained as limit of a bounded sequence of them, converging almost every- 
where with respect to the measure 7, our lemma is proved. 

In order to obtain a sequence of singular maximal abelian subrings with 
the desired properties in a II, factor of approximately finite type, by virtue 
of Lemmas 2, 3, and 4 it suffices to prove the following. 


LemMMA 5. Let n be a positive integer. Then there exists a field K which is the 
union of an increasing sequence of finite subfields, a subgroup Go of the multi- 
plicative group K* of K, such that if G is the subgroup of the affine group over 
K corresponding to Go, the number of double cosets of G according to Go equals 


n+ 1. 


Proof. We shall perform this in two steps. 

(a) Let Go be a subgroup of the multiplicative group of K, which has the 
index n. We show that the number of double cosets of G according to Go is 
n+ 1. To see this, we observe, that if @ = (a,a) and 6 = (6, 8) are in the 
same double coset then gdg’ = b, or (gg’a, ga) = (b,8), and so 8 = ga 
(g, g’ © Go). The converse can be proved similarly. 

(b)? According to (a) it suffices to find a K and a Go, such that Go has the 
index m in K*. Let p be a prime number, such that m is a divisor of p—1; let 
n* be the greatest power of nm which divides p—1. For an integer k > 0, let 
us denote by F;, the field of order p*, and by F, the multiplicative group of 
F,. Let k; < ke < be a sequence of integers relatively prime to n. We have 


Pa C Fa G ces 
We denote by K the union of the fields 
F,,(¢ = 1,2,...,). 


We are going to show that K is the direct product of a subgroup with a 
cyclic group of order n‘, from which the existence of the Go with the required 
properties follows at once. The number of elements of F;, is 


p*—1 = (p—1)(p*"'+p*? +... + 1). 
On the other hand, 


prim! + pin? +... +1 


k, (mod n). 


7The author is indebted to the referee for this part of the lemma which makes it possible to 
avoid the use of Lemma 2 and hence that of 5.2.3 in (3). 
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So n* is the highest power of m dividing p*‘—1. Since F*, is a cyclic group, it 

contains a cyclic group H of order n‘, which is a direct factor, and which 

does not change with 7. So H is a direct factor in K*, which proves our lemma. 
We sum up the preceding lemmas in the following theorem: 


THEOREM. If M is an approximately finite factor of Type 11, then it contains 


an infinite sequence of singular maximal abelian subrings which cannot be 


pairwise connected by *-automorphisms of M. 
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LATTICE OCTAHEDRA 


L. J. MORDELL 


Let A,, Ao,...,A, be m linearly independent points in n-dimensional 
Euclidean space of a lattice A. The points + A;, +A2o,..., +A, define a 
closed n-dimensional octahedron (or “cross polytope’’) K with centre at the 
origin O. Our problem is to find a basis for the lattices A which have no 
points in K except +A;, +Ao,..., Ag. 

Let the position of a point P in space be defined vectorially by 


(1) P = pA, + prAa t+... + prAn, 


where the p are real numbers. We have the following results. 
When n = 2, it is well known that a basis is 


(2) (Ay, Ag). 


When n = 3, Minkowski (1) proved that there are two types of lattices, 
with respective bases 


(3) (Ai, As, A;3), (Ay, Ao, B(A, + As + A;)). 


When n = 4, there are six essentially different bases typified by A;, Ae, A; 
and one of 


Ag, (Az + As + As), (A, + Ang + Ag + As), 
(4) A(t Aya Ap tAzt Ay), 4(+ 24; 4+ Apt Ag Ay) 
(+ 24; + 2A24+ Az 4 Ay). 


In all expressions of this kind, the signs are independent of each other and 
of any other signs. This result is a restatement of a result by Brunngraber 
(2) and a proof is given by Wolff (3). 

The proofs for n = 3,4 depend upon Minkowski’s method of adaption of 
lattices, and that for m = 4 is very complicated. I notice another method 
of considering the question which gives the result more directly, more simply, 
and with less troublesome numerical detail. 

The simplest required lattice is that with basis (A,, 42,..., A,). This will 
not be a basis of the other lattices A. Hence there will be points A of A given by 


(5) pA = a,A, + deAs + coe © oe 
where 4), d2,...,@, and p > 1 are integers, and 
(6) (dy, @2,...,Gn, P) = 1. 
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For brevity, we shall denote such a point A by 
A = {@4, do,...,@n}/p. 
There is no loss of generality in supposing that 
(7) lail < 4p, las] < 4p,..., lan| < 4p. 


We may also suppose that no a = 0 (mod p). For if a; = 0 (mod p), we 
have an m — 1 dimensional problem which may be considered as solved in 
dealing with the n-dimensional problem. 

By the conditions of the problem, the point A is such that for any integer 
x prime to p, and all integers x;, x2, ... , X» 


xA — x1A, - X2A2 wsie Sahn 


is not in K; and there is no loss of generality in supposing that |x| < p. We 
shall call such points A admissible. Then A will be admissible if and only if 





(8) mi +...+ Fe —x,| > 1, 
p i 

since the point P in (1) lies in K if 

(9) \Pil + |P2] +... + |Pal < 1. 


Now by Minkowski’s theorem on convex bodies, the convex n + 1 dimen- 


sional body 
Xa) + [Xe] +... + |X,| < 1, |X| <p 


of volume 2**'p/n! contains at least two points of the lattice given by 


a\x fs 
X, =—--x%,...,2 X, = —%,X =x, 
p Pp 
of determinant one when p > nm! We may suppose that X # 0 since then 
x, = 0,x. =0,...,x, = 0. Hence, as is well known, admissible points A 


can arise only when p < n! 

In this paper, we shall be concerned only with the cases m = 2,3, 4. We 
shall see that admissible points A arise only when n = 3, p = 2, and n = 4, 
p = 2,3, 4, 5. 

Suppose first that m = 2. We need only consider p = 2, and then |a,| < 1, 
|a2]| < 1. Clearly the point A = }{a;, a2} lies in K and so cannot be a point 
of A. Hence (A;, A2,) is a basis of A. 

Suppose next that » = 3. We have now to consider p = 2, 3, 4, 5, 6. 

If p = 2, |a,| < 1, |ae| < 1, Jas] < 1, and then A = 4{a,, ae, a3}. This will 
be a point of K unless |a,| = |a2| = |a;| = 1, and so A = ${4+ 1, +1, +1}. 
This point is admissible since xA = A (mod A) when x = + 1. Hence we 
clearly have a lattice A typified by the basis (A = ${1, 1, 1}, Ay, Ae), since 
A; = 2A — Ay — Az. 
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If p = 3, \ai:| < 1, |ae| < 1, Jas} < 1, then A = ${4 1, 4 1, + 1} and lies 
in K and is not admissible. 

If p = 4, |a:| < 2, Jae] < 2, |a3| < 2. We may suppose that one at least 
of the a's is not even, say |a;| = 1. Since A does not lie in K, the only possi- 
bility for A is A = }{4 1, + 2, + 2}. Then 2A = 4A, (mod A) and so A is 
not admissible. 

If p = 5, |ai| < 2, |ae| < 2, |as| < 2 and so since A is not in K, we must 
have A = ${+2,42,+2}. Then 2A = }{4 1, + 1, + 1} (mod A), and 
so A is not admissible since ${+1 ,+ 1, + 1} lies in K. 

If p = 6, |ai| < 3, |ae| < 3, |as| < 3. Since we require |a;| + |a2| + |a;| > 6, 
we have only the three cases typified by 


(a), G2, @3,) = (41,423,243), (42,242,243), (+ 2, + 3, + 3), 
(+ 3, + 3, + 3). 


In all these, 24 is congruent mod A to a point of K and so A is not admissible. 
Suppose finally that » = 4 and so now p < 24. We shall show that there 
exist admissible points if and only if p < 5. We first give some results of a 
general character which will simplify the arithmetic. We note 
(1) A is not admissible if p contains a factor f such that every A with 
denominator f is not admissible. This is obvious from 


pA/f = {ay, de, as, as} /f. 

We note next 

(Il) A is not admissible if for d, the greatest common divisor of p and 
of any of the a's, d > 2. 

For suppose that (a,, p) = d. Then pA/d = {0, ae, as, ag} /d (mod A), and 
from the case n = 3, this cannot be admissible unless d = 2 and az, a3, a, are 
all odd. Hence, whenever A is admissible, we may suppose that one of the 
a, say a, is odd and prime to p. On considering xA where xa, = + 1 (mod p), 
we may then take 

(III) a, = + 1 (mod p). 

We shall presently consider the admissible points with |a2| = 1, 2,3, but 
first we consider the smaller values of p. 

When p = 2,3, it is clear that the only admissible points A are 


A ={+1,+1,+1, +1}/p. 
Note Ax = {+1, +1, +1, + 1}/p (mod A) for x = +1. 
When p = 4, |a;| < 2, |a2| < 2, jas] < 2, jas] < 2. Since A is admissible, 


>/a| > 5, and since all the |a| cannot be less than 2, we can take say |a,| = 2. 
Then from (II), a2, a3, a4 are odd giving the admissible point 


A =3{+2,41,+1,+ 1}. 
We note 2A = 3{0, 1, 1, 1} (mod A). 
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When p = 5, |a,| < 2, etc. We can take |a,| = 1, and since >)\a| > 6, we 
may take, say, |a2| = 2, and then, say, |a;3| = 2. We can reject |a,4| = 2 since 
for A = #{+1, + 2, + 2, + 2}, 2A is not admissible. When |a,| = 1, we 
have the admissible point A typified by 

A =}{+2,+2,2+1,+ 1}. 

We note 2A = ${+ 1, +1, + 2, + 2} (mod A). 

When p = 6, by means of (II), we can exclude the cases when any a is 
divisible by 3, and also when any a is divisible by 2, since then the only 


possible forms for A are given by A = {4+ 2,+1,+1,+ 1}, and these 
are obviously not admissible. Hence also from (1), 


pb = 12, 18, 24 are not admissible. 
When p = 7, we have ja,| = 1 and then, say, |a2| = 3. Hence |a;| = 2 or 3. 
We reject |a3| = 3 since then 24 = }{+ 2, + 1, + 1, 2a4} (mod A) and is 
inadmissible. Then |a4) = 2 or 3 and we can reject |a4| = 3 leaving 


A= 1+ 1,+3, +2, +2};and3A = }{+3,24+2, +1, +1} (mod A) and 
is not admissible. Hence also 


p = 7, 14, 21 are not admissible. 





When p = 8, suppose first that all the a are odd. Since |a| = | or 3, at 
least two of the |a| are equal, and on considering 3A, if need be, we can take 
la,] = 1, Jao] = 1. Then A = ${4 1, + 1, a, a4} is obviously inadmissible: 
Suppose next that some of the a are even. Then by (II), we need only con- 
sider the case when |a;| = 2, and |a|, |a3|, |as|, are odd. Since at least two 
of these are equal, we may on considering 3A if need be, take |a2| = 1, |a3| = 1 
and then A is inadmissible: Hence also 

p = 16, 24, are not admissible. 

When p = 9, on considering 3A, we see that each a satisfiesa = + 1 (mod 3), 

that is, |ja| = 1, 2, or 4. Since at least two of the |a| are equal, we can on con- 


sidering 2A or 4A, if need be, take |a,| = 1, |a2| = 1. Hence A = }{+1, +1, 
+ 4, + 4}, and 24 is not admissible. Hence also 


p = 18, is not admissible. 
When p = 10, we have |a,| = 1, and since |a2| + |a3| + |a4| > 10, we must 
have, say, |a,] = 4 or 5. By (II), we can reject |ay| = 5, and when |a,| = 4, 


a; and a, must be odd and so |a;| < 3, jas! < 3. The only possibility is 
A = ,{+1, +4, +3, + 3}, but then 3A is not admissible. Hence also 


pb = 20 is not admissible. 


We have now dealt with all the even values of p < 24, except p = 22 which 
will be dealt with when p = 11 is considered, and which is not admissible. We 
must now consider the remaining odd values of p > 9. We shall show that 
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no admissible points A arise when p > 5 and |a,| = 1, |ae| = 1, 2, or 3. This 
will then hold also for any two a, say a,, a, if (a,,p) = 1 and a, = +a,, 
+ 2a,, + 3a, (mod p). 

(IV) Suppose |a;} = 1, |ae| = 1. Since |a3| + \a.| > p — 1, we must have 
las| = $(p — 1), las] = 4(p — 1). Then 2A = {+ 2,42, 41, + 1}/p (mod 
A) and 2A is not admissible if p > 7. 

(V). Suppose |a;| = 1, |a2| = 2. Then |a;| + jas) > p — 2 and so, say, 
jax} = $(p — 1). Then jay! = $(p — 1) or 4(p — 3). The first value can be 


rejected by (IV) since 
- ] 
(25 ‘it ») lien 


For the second, 2A = {+ 2,+4,+1,+3}/p and is not admissible if 
p > 11. We have seen that no admissible points arise when p = 7 or 9. 

(VI). Suppose finally |a,;| = 1, |a2| = 3. Since |a3| + jas! > p — 3, we 
have |a3| = $(p — 1) or 3(p — 3). Since a; = + 2a;, we need only consider 
\a3| = $(p — 3) and then |ja,| = 4(p — 3). This can be rejected by (IV) when 
(p,3) = 1, and by (II) when (p, 3) = 3. 

We now consider the odd values of p > 11. We know from (IV), (V), and 
(V1), that we need consider only the cases when |a,| = 1, and the other a 
satisfy |a| > 4; and of course all a satisfy |ja| < 4p. We can reject all 
a= +3(p—1) ora = + }(p — 1). 





pb = 11. Here |a.| = 4 or 5, and both can be rejected. Hence A is not 
admissible. 

p = 13. Here |a.| = 4,5, or 6 and |jas| = 4,6 can be rejected, and so 
a2| = 5. Since |as| = 4, 5, or 6, we can reject 4, 6 and then |a2| = |a;|. Hence 
A is not admissible. 

p = 15. Here |a2| = 4, 5, 6, 7 and we can reject 5, 6, and also 7 from (II). 
Hence |a2| = 4 and this is also the only possibility for |as|. Hence A is not 
admissible. 7 

pb = 17. Here |a.| = 4, 5, 6, 7, 8 and we can reject 6, 8. Since |ae|, |as|, |a, 
are distinct by (IV), they must be 4, 5, 7 in some order, and then |a,;| + |a. 
+ |a3| + |a4| = 17, so that A is not admissible. 


pb = 19. Here |a2| = 4, 5, 6, 7, 8, 9. 

We can reject 6 and 9. Hence |az|, \a3|, |a4| are three out of 4, 5, 7, 8 and since 
a2| + |a3| + |a4] > 19, we can suppose that A = {+ 1 +7, + 8, a,}/19 
where a4 = +4o0r + 5. But now 3A = {+ 3, + 2, + 5, + 3a,}/19 (mod A) 
and is not admissible since 3a, = + 7 or + 4 {mod 19}.* 

pb = 23. Here |a,| = 4, 5, 6, 7, 8, 9, 10, 11. 

We can reject 8, 11. The cases |a2| = 6, 9, 10 are included under |a2| = 4, 5,7 
respectively on considering 44, 5A, 7A, respectively. 


*I am indebted to the referee for these proofs for n = 17,19, which are rather shorter than 
those I had given. 
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When |a:| = 4, |as| + jas] > 19 and so |a;| = 10. Then A = {+ 1, + 4, 
+ 10, a4} /23, and 5A = {+ 5, + 3, + 4, 5a,} /23 (mod A) is not admissible. 

When |a2| = 5, |a3| + |as| > 18 or, say, |a3| = 9, 10. We can reject 10 since 
las| = 2\ae|. Hence A = {+ 1, + 5, + 9, a4} and now 3A = {+ 3, + 8, + 4, 
3a,} is not admissible. 

When |a2| = 7, |as| + |as| > 16 and so |a;| = 9, 10 andsoA = {4+ 1, +7, 
+ 9or + 10, a} /23. Now 7A = {+ 7,3, + 6, or + 1, 7a4}/23( mod A) and 
is clearly not admissible. 

We can now find the possible bases for A. We may suppose that not all 
of the bases of the three-dimensional sublattices are of the type (A,, A2, 
4(A, + A2+As3)). For if (Ai, Ao, $(A1 + A2 + Aa)) were also allowable, 
then 4(A; — A.) would be a point of A. Hence we may suppose that three of 
the A's, say, Ai, A2, A; form a basis for the three-dimensional sublattice. Then 
the fourth basis element A must be such that A, = 6A + biA; + b2A2 + 353A; 
where the 6 are integers. Clearly we can typify A by one of A4,}(A2 — As — As) 
and 4(1, 1,1, 1},4(41,41,+1,+1},3(42,41,41,+1),4{/+ 2, +2, 
+1,+ 1}. 

This completes the proof for » = 4. We note that we have shown that when 














n = 4, integers x, x1, X2,..., X, not all zero exist for which 
a4x AnX 
“pM Hee + me] <b <P 


not only when p > 4! but also when p > 5. It is an interesting problem to 
find the exact result for » > 4. Approximate results for large m have been 
given by Blichfeldt (4). 


REFERENCES 


. H. Minkowski, Gesammelte Abhandlungen, Bd. I 

. E. Brunngraber, Ueber Punkigitter (Dissertation, Wien, 1944). 
. K. M. Wolff, Monatsh. Math., 58 (1954), 38-56. 

. H. F. Blichfeldt, Monatsh. Math., 42-43 (1935-6), 410-414. 


own = 


Mount Allison University Sackville, New Brunswick, Canada 
St. Johns College, Cambridge, England 


| 





A NOTE ON CONTINUED FRACTIONS 
A. OPPENHEIM 


1. Introduction. Any real number y leads to a continued fraction of the 


type 

ay ade 
(1 ) y~ bo — rw . 

: + b, + be+... 

where a,, 6; are integers which satisfy the inequalities 
(2) l<qa;,< bd, ‘fo? = eee & 
by means of the algorithm 

a a 
(3) 72 Je = [yo] > = bo + y > ai, 


y1 bil += b+ 92 > ae 


the a’s being assigned positive integers. The process terminates for rational 
y; the last denominator }, satisfying 5, > a, + 1. For irrational y, the process 
does not terminate. For a preassigned set of numerators a; > 1, this C.F. 
development of y is unique; its value being y. 

Bankier and Leighton (1) call such fractions (1), which satisfy (2), proper 
continued fractions. Among other questions, they studied the problem of 
expanding quadratic surds in periodic continued fractions. They state that 
“it is well-known that not only does every periodic regular continued fraction 
represent a quadratic irrational, but the regular continued fraction expansion 
of a quadratic irrational is periodic. Such a result would not be expected to 
hold in general for proper continued fraction representations of quadratic 
irrationals” (1, p. 662). 

In point of fact, as I prove in this note, every quadratic irrational admits of 
infinitely many periodic proper continued fraction representations. Indeed, 
only one term is needed in the periodic part and at most three terms in the 
non-periodic part: 


a; ade a3 
( 0 = _ ‘. . 
4) . +22 (2) 


Moreover, in infinitely many representations a; = 6; = 2c or, again, with 
a3 = c, bs; = 2c. For the class of quadratic irrationals whose regular continued 
fraction expansion has a period with an odd number of terms, it is possible 
to have (in infinitely many ways) a; = 1, b; = 2c. 
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It may be noted that Bankier and Leighton obtained periodic proper con- 
tinued fraction expansions in infinitely many ways for the class of quadratic 
irrationals whose regular continued fraction expansion (i) is purely periodic 
and (ii) has an odd number of terms in the period. My results are stated 
explicitly in the following three theorems. 


THEOREM 1. Any real quadratic irrational can be expressed as a proper periodic 
continued fraction of the form (4), in which the period consists of one term only 
and the non-periodic part (which may be empty) contains at most three terms. 

The expansion is possible, in infinitely many ways, with b; = 2c, an even 
integer. 


THEOREM 2. For a given quadratic irrational, there are infinitely many of the 
expansions in Theorem | satisfying 


a3 = 63 = 2c. 
This is also true with a; = c, b3 = 2c. 
THEOREM 3. Let @ be any quadratic irrational and write 
0 = by + fo, by = [6], 0 < ff <1, 


where 


Let so be the least positive integer satisfying 

Ro|so(Po = No). 
Then, if the regular continued fraction for so\/No has a period with an odd 
number of elements, infinitely many of the expansions (4) for 0, have a; = 1. 


For the proofs we require five lemmas and these are stated and proved in 


§§ 3, 4. 


2. A conjecture. Some time ago I made a conjecture (which I cannot 
prove) about these representations, when the integers a; are assigned in a 
special way. Let y > 1 be an irrational number. Assign a; = bo. Determine 
b; and assign a2 = };. Determine 2 and assign a; = be, and so on. In this 
way, we determine a unique expansion 
bo by de 


(5) dae Ce ee 


in which the integers 5, satisfy the inequalities 
(6) lLgebchch<.... 


Plainly, if 6, = 6 from some point on, y must be a quadratic surd. 





m 
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CONJECTURE. Jf y > | is a quadratic irrational, the expansion (5) is ulti- 
mately periodic, that is, from some point on, the b, have a fixed value. 





Examples: 
vet hii 42 3 (4), 
bts nao+ i *  (# ) (b = 1,2,..., 2a), 
batt mpaost 2 (2), (b = 1,2,...,a), 
| (9a* + 3)) = b +e ° - an (338,) , (6=1,2,..., 6a’). 


3. In what follows, V is a positive non-square integer, 
(7) c = [N], N = co? +a, l<a« 2e. 

- » a of ° . ° . 
We express each of V’?, — N? as proper continued fractions with a single 


term in the periodic part and then apply the results to the general quadratic 


irrational. 


LEMMA 1. Let 
~~ a Ve 
2c + 2c+2c+...° 
Then 
té=—c+ Ni. 
Proof. Since — > 0, (2c + —) = a, we have 
t= —c+ (c?+a)!. 
LEMMA 2. Let 
2+1-—a a a 
7 Ot] +2424..." 
Then 


Proof. Note that 


=c+1- ni. 


4. We next consider quadratic irrationals of the following three types: 
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4 ‘ I 
l. ¢= nee 0<t<1,R>1,-N'<P<N',RI(N - P?), 
' 
4 2 
Il. ¢= “+S o2° <i1,.8> 1,7 > Nn}, R|(P* — N), 
. 
m. ¢=7S" 50<5 <1, R>1,R\(P*— 0). 
LemMaA 3. For surds of type I, define integers a,, b,, by the conditions ' 
a,R = N — P?, b, = (V'-— P] =c—-P. 
Tken W 
sae 2 8 — Li 
~ by #Q@e+Q@+... br +E- 
Proof. Note that 
P+N a, 
R  —P+N"’ 
where Si 


0< at <1 - P>0. 


Hence 1 < a, < Ni — P or a; < c — P = 33. Thus 
ai ne a, ; a 
b+ bb —c+N* N'-P 


and the result follows from Lemma 1. | 








LemMA 4. For surds of type II define integers de, be by the conditions 











R 
a;:R = P? — N, b, = [(P — N4) = P—c—1. 
Then 
rar 2% Mti-e « « : 
~ btn b+ Weil _+2+4+24+...° 
Proof. Observe that ™ 
 P+N a 
tc = R _ PP as nN: ’ by 
where 
de eo 4 to 
9<p—yi< ll N? > 0. S 
Hence 


1 <a, < P — Ni}, Lda Ke P—c—1 = be w 
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hus our continued fraction for ¢ is proper and its value is clearly 
ae a2 le 


b+n be +e +1-N' P—N'* 
LEMMA 5. For surds of type I11 define an integer az by the condition 
a2R = P? — N. Then 
t —llinoawe. A. & 
(P+c)t+& P+e+2¢+2c¢+...° 
Proof. Since 
a2 —_— ; 
(P +c) +€’ 
where 0 < ¢ < 1,1 <a. < P+N!,1 < ae < P+, the result follows from 
Lemma l. 





5. Proofs of theorems 1, 2, and 3. Let the quadratic irrational @, say, 


be expressed in the form @ = by + fo, where bo = [0], 0 < {> < 1 and 
~— Po + No 
Ro 


Since we can also express {» in the form (P + N*)/R, where 
R = sRo, P = sP,z, N = s*Nog (s > 1) 


it belongs to one of the types I, II, or III, provided that the integer s is chosen 
so that R|(P? — N). It is sufficient, then, if Rols(Po? — N), and plainly s can 
be so chosen in infinitely many ways (s = tRo/g, where g is the greatest 
common divisor of Ry and Py? — No and t is any integer > 1). Thus Theorem 
| follows immediately from Lemmas 3, 4, and 5. 

Observe that so = Ro/(Ro, Po? — No) is the least positive integer such that 
Rolso(Po? — No). Then we may write 
Pyo+Ni_ P+N 


a ti ae 
where V = f?s9?No (¢ > 1). Recall that 
c+a= N = Pse*No 


where 
ri , 
c = [N*], 1 <a € 2, 
by (7). To obtain a = 2c, it is enough to solve the Pellian equation 
(c + 1)? — fs0?No = 1 


for c and ¢. Since so?N» is not a square, there are infinitely many such pairs. 
Similarly, for a = c we require the solutions of the Pellian equation 
(2c + 1)? — 4f*so?No = 1, 


which also gives infinitely many pairs. This proves Theorem 2. 
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For Theorem 3 we require a = 1 and then it is enough to solve the Pellian 
equation 
c? — se No? = —1. 


Now, it is well known that if the regular continued fraction for soo? has a 
period with an odd number of elements, then this has infinitely many solutions 
in c and ¢. This proves Theorem 3. 


6. Examples for the well-known quadratic irrational $(1 + 5) are listed. 


, - 2t (=) 
(1) i+ V5) = 1+ 7 
where c and ¢ satisfy (c + 1)? — 5? = 1, so that 


(c + 1) + 25 = (2 + 75)™, (2 = 1,2,...;), 
for example, 


(c, t) = (8, 4), (160, 72),... 


- - 2t ri 
(ii) $011 + 75) =14+ rey we (¢) 
where c and ¢ satisfy (2c + 1)? — 5(2t)? = 1, so that 
(2c + 1) + 24/5 = (2 + V5)”, os er 


for example, 


(c, t) = (4, 2), (80, 30),..., 
@ 304+V5 -14+——- (J ) 
= c+t+ \2c 
where ¢ and ¢ satisfy c? — 5t? = — 1 and so 


ct tv5 = (24+ 75)" (n ae 


for example, 
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PERTURBATION OF THE CONTINUOUS SPECTRUM 
OF EVEN ORDER DIFFERENTIAL OPERATORS 


JOHN B. BUTLER, JR 


1. Introduction. Let Ly be a differential operator of even order n = 2y on 
the half open interval 0 < ¢ < © which is formally self adjoint and satisfies 
the conditions of Kodaira (5, p. 503). We consider a perturbed operator of 
the form L, = Lo + eg where g(t) is a real-valued bounded function and « 
is a real parameter. The object of this paper is to set up conditions on the 
operator Lo and the function g(t) such that LZ, determines a self-adjoint 
operator H, and such that the spectral resolution operator E‘(A) corresponding 
to H, is analytic in a neighbourhood of « = 0, where A is a closed bounded 
interval. 

Our conditions are a natural generalization of conditions considered by 
Moser for the case » = 2(6). Moser has given a number of examples showing 
that when his conditions do not hold E*(A) need not be analytic. However, 
Moser’s conditions are not necessary. Brownell has demonstrated analyticity 
of E*(A) for second order differential operators (in E,) under conditions 
different from Moser’s (2). 

Our main result is Theorem 4 which gives sufficient conditions that E*(A) 
be analytic. Theorem 4 is an easy consequence of Theorem 3. The proof 
of Theorem 3 hinges upon the Neumann expansion for the resolvent kernel 
of the perturbed uperator H, and on the behaviour of the resolvent kernel 
of the unperturbed operator Ho under change of boundary conditions at 
t = 0. We discuss the former of these topics in § 4 and the latter in § 3. Section 
2 is devoted to definitions and needed facts. The restrictions that we impose 
on Lo, g are stated at the end of § 2. 

The assumption that g(t) is bounded can be removed. In § 6 we indicate 
briefly how this may be done. 

The significance of analyticity of the spectral measure £*(A’) for A’ C A, 
A a fixed bounded interval, is that it implies that points in the spectrum of 
H, which lie inside A remain fixed under the perturbation (6; 7). Our assump- 
tions imply that A contains only points of the continuous spectrum of Hy 
(cf. assumption (ii)). Therefore, our results may be interpreted as sufficient 
conditions that the continuous spectrum remain fixed under perturbation. 

The author wishes to thank F. H. Brownell for many helpful suggestions 
in the preparation of this paper. 

Received March 4, 1959. This paper extends results presented to the American Mathematical 


Society, November 29, 1958, under the title A note on perturbation theory of ordinary differential 
operators, 
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2. Basic definitions and assumptions. We shall use the standard 
notation from the theory of ordinary differential operators (3; 5). The notation 
(u,v) will mean the inner product of two functions in L2(0,). The norm of 
u is ||u|| = (wu, u)4. Let [u,v](t) be the bilinear form associated with the 
differential operator Lo such that 


(2.1) j (Loud — u Lw) dt = [u, v](t) — [u, v](O). 

Since t = 0 is a regular point there exists a complete canonical set of boundary 
functions Yo,(t) and regular solutions s,(t, \) of Louw = Xu, j l,...,# such 
that 

(2.2) lWos, Vox} (O) . lWoy, sz] (O) [sy, Sx] (0) = ¢e 

and ex, = +1, R=j+y, €% —1, k=j—v, €% = 0 otherwise (4; 5, 


p. 505). We shall suppose the differential problem 
(2.3) Lou = du, [ve;, u](O) = 0, 7 er v 


is self adjoint (5, p. 521). In the case m = 2 this reduces to the limit point 
case ati=o, 
Repeated indices will mean summation unless the contrary is explicitly 
stated. Latin indices are to be summed over |, .. . , n and Greek over 1,... , v. 
Let ZY be the set of functions in L2(0,©) such that for x FD we have 
u‘” (t) 60,0), i= 1,...,a—1, u(t) is absolutely continuous in 
every closed subinterval of [0,0), and Lou € L2(0,). Let Z, be the set of 
functions in Z which vanish outside some closed bounded interval. The 
operator Ly» determines a self-adjoint operator H» as follows: We define %, 
to be the set of functions 
Dy, fulue FD and [yo,, u](O) Sf eee v| 
and define Hou = Lou for u € Fy, (5, p. 521). Since we are assuming q(é 
bounded it follows at once that L, = Ly + eq determines a self-adjoint 
operator H, with 


¢ ¢ 
az, = fz 


and 
Hau = Lu,u € Dy. 


The assumption that the boundary value problem (2.3) is self-adjoint 
implies the following facts (which are all derived from (5)): There exist » 


vectors f(A) 1 fs"), B y+l,..., n such that we(t, d) fg’s; are 
the eigenfunctions of Lou = Au, 7 (A) ¥ 0, walt, d) L2(0,). Corresponding 
to the boundary conditions [yo,,u](0) = 0 we may choose vectors 
i. = «siete @ eee v. Then w, fas, satisfy [Wo,, wa}(0) 0, 
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The Green's function corresponding to Hy may be constructed as follows. 
I g ' 
Define the characteristic matrix M‘’ by 


Mi; = >. Fasfs’fa' 
a8 
where a=l,...,7, 8B=v+1,..., n and Fag is the inverse matrix of 
[Wa, Wg|(t). The Green's function is by (5, p. 511) 
(2.4) G°(t, r, 4) = M*(A)s,j(t, A)se(7, A), i>. 


The spectral resolution operator E°(A) corresponding to H® is defined in 
terms of the Green's function* by 


, ;, r ; 0 / 
(2.5) E°(A)u = =— lim r\{ (G(t,-,A), W)dvAg ,u © Y, 

24t 5,04 ris) 
where [(6) is the polygonal path connecting the points a + i, a + 278, 
8 + 216, 8 + 16, A = {lla < / < B}. Formula (2.5) may be written (5, p. 528) 


(2.6) E(A)u = j s(t, L) (se, @)dp* (1) u€ &. 
~/A 
where 
-_ , - | a 
(2.7) p’ (A) = 5— lim “ M (A)dd ¢ ‘ 
271 3_,04 /T(8) 
For two arbitrary /-measurable vector functions ¢,(/), ¥,;(/), i Dae. n 


we have the inequality 


(2.8) a $4() adn”) | < | ;¢xdp™ (1) 
j viWrdp™ (1). 

If u € F., &, = (sy, u) then by (5, p. 537) 

(2.9) ||ee||? = f | ,(1)|"dp* (I). 


The following assumptions are basic for the theorems to be given below. 
We shall requiret that Ly and g are such that, for / in a fixed finite interval A, 


(i) j ®*(t)\q(t)|\dt <7 < @ 


where ©(¢) = sup|s,(t,A)|, 7 = 1,...,", 1€ A, 0 <6 < bo, A= 14+ W. 
(ii) lim |M*(1+ %)| <K 


3,04 
for 1€ A, 0 <8 < be, j,k = 1,..., n. 
*We assume the end points of A are not in the point spectrum 


tThis assumption is weakened in § 6, 
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(iii) for all vector functions ¢‘(/) defined on A,* 
(2.10) (1) *(D)p*(4’) — ¢’(1) ¢ ()p”*(A’) > 0 
forl€ A’ CA. 


(iv) if ss,’ are permutations of the regular solutions s,; according to the 
rules Sj») = Sy» for 7+ p< m and Sys’ = Sypp-» for 7 + p > n, then for 


(2.11) J, sitesteado™(D) 


is the kernel of a bounded operator with bound P”. 

The assumptions (i) and (ii) reduce to ones considered by Moser for the 
case n = 2 (6, pp. 367, 388). Assumption (i) asserts roughly that the operator 
q. is relatively bounded with respect to Lo. Assumption (ii) implies that M* 
does not have any poles in A so that A contains only continuous spectrum. 
Assumptions (iii) and (iv) are unnecessary in the case m = 2 as they are 
automatically satisfied. Assumption (iii) is a definiteness condition on the 
bilinear form associated with the matrix p**(A’). This condition is trivially 
satisfied if p*(A’) is diagonal and for that reason holds when m = 2. Assump- 
tion (iv) is the key assumption upon which our proof of Theorem 4 depends. 
The fact that (iv) holds when nm = 2 is also used by Moser in his paper (6, 
p. 382). In § 3 we shall discuss the meaning of assumption (iv) and show 
that it is valid for a broad class of operators Lo. 


3. Changes in boundary conditions at ‘ = 0. In this section we shall 
study kernels 


| s,(t, L)s,(r, L)dp* (1) 

PN 

corresponding to self-adjoint boundary value problems of the form 

(3.1) Lou = du, [Yo,, u](0) = 0 i} ers y 


where the functions J», are linear combinations of Yo, The object of this 
section is to show that, under certain restrictions on L», and by appropriate 
choice of the boundary functions Po,, that the kernels (2.11) of assumption 
(iv) may be written in terms of the kernel 


f, sat, Dale, Nas (. 


Therefore we will have a means of testing when assumption (iv) holds. The 
theorem is the following: 


*Tbid. 





he 
for 


he 
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THEOREM 1. Jf Lo is a differential operator satisfying assumption (ii) and if 
the functions f,’(d) corresponding to Ly satisfy the property that for = | + i6, 
Le A, 0 <6 < do, the determinants of the (v X v) minors of the matrix 


focal) .. -Seastd) 
(3.2) at 
ford) . «-Sfeve(A) 
have moduli greater than k, and less than ko, 0 < ky < ke, and the difference 
of the arguments a of any two (v Xv) minors lies in a sector such that 
0<@<acr-—86< zz, sin® > ky, then for some function a»(l) 


(3.3) | Shsp(t, L) Step (7, L)dp™(l) = | $,(t, L)s_(r, Day, (1) dp" (1) 
7A 


74 
where a(l) are uniformly bounded and p*(A) is the spectral density matrix 
corresponding to a self-adjoint problem Lou = du, [Yo;, u]\(0) = 0,7 = 1,..., v. 


Proof. First we introduce the notation j,, j,’,7,’’ for permutations of 
ee ee n defined by: 


dp =jtpjtpcnj=jrp—njit+pm>n 
\7 =j-Pjr>rt+lp=antji-pji<p 
fo =~J+otvjtp<yj =j+tp—vjt+p>y 





Define 


Joy = Ova, j= l,..., v. 
Using (2.2) we get 
(3.4) [Vos Vor] (0) = 0, j,e=l,..., v. 
Formula (3.4) shows that the problem (3.1) is self adjoint when Yo; = 4y,"Wox. 


Let M*() be the characteristic matrix corresponding to (3.1). Then M*(A 
can be explicitly constructed (cf. § 2) as follows: 


(3.5) M*(.) = >> Fasfeft, a =1,..., v,B=v+l1,..., n 
a.p 
where 
fol = 8, awl,...,» 
and fs’ = fs’, 8 =v +1,...,m,Fagis the inverse of [Wa, Wg](t), Da f,4s,(t, d), 


Ws = fe’s,(t, 4). Using (2.2) we have 


- + j+v fa’””, < ’ 
(3.6) [@a, ag] = >> 5.2fit’ — a2t'fh = ‘ , oes 
j=1 


0 
—f,” , a» 


By (3.5), (3.6) M*(\) may be written* 


*The sign is positive if k < » and negative if k > » 
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(3.7) M*(a) = (+) det A(j, k)/det B, 2 VY, 
where B is the matrix 


PERO) .. FBO) 
(3.8) B= oe 

fiyi(n) .. feed) 
and A(j, k) is the matrix obtained from B by replacing the elements of the 
k,'th column with the terms f,.1:’, fr42’,..., f+’. The hypothesis of the 
theorem implies that for j,k = 1,, 2,,..., vp, Ki < det |A(j, k)| < ke. 

Now that M* has been constructed the remainder of the proof consists 

in demonstrating that (3.3) holds for some a,»,(/). By the definition of j,’ we 
may write 


(3.10) Sap (t, L)Stap (7, L)4% {M*(A)} = sy(t, Dse(r, I) 4 {M7 ?(d)}. \ 
(Note that 
g{M’**(r)} = 0, j,k ¥1,,2,,..., Vp.) 


Now define a,(A) by the equation 


(3.11) Ga(d) = J. g{MP™*(r)}/{ 4 M*(A)}, 7,8 = 1p 2p --- sO 
{ 0, otherwise. 

Since M* = + det A(j, k)/det B we have by (ii), (3.9) 1 
(3.12) ayn (dA)| < Kko/k;i sin 8 < Kko/k;? 
so that a,,(A) are uniformly bounded, / € A,0 < 6 < do. By using (2.7), (3.11) 
and the theorem of Helly-Bray (8, p. 164) it follows that for A’ C A S 
‘ ‘ T' pk’ p ’ . ] : J’ pk’ p 
(3.13) p? ™*(A’) = lim — ${M’™*(x)} dl 

$8.04 WF eA’ 

i _ 

= lm — | Ay (A)F {M*(A)} dl. 
$8.04 WF eA’ 


From (3.12), (3.13) we have 
(3.14) |p? *'*(A’) <Kk:/k; (variation p“(A’)), A’ C A. 
The inequality (3.14) implies that functions a,,(J) exist (8, p. 215) such that 
(3.15) p)**(A') = | aij(l)dp” (1), A’ CA 
eA’ 


By (3.10), (3.15) we obtain (3.3). 
Theorem | leads to a sufficient condition that assumption (iv) should hold; 
if the hypothesis of Theorem | is satisfied and if 


j S(t, 1) se (7, Lag (l)dp”™ (1) 
Js 


at 


SPECTRUM OF DIFFERENTIAL OPERATOSR 315 


is the kernel of a bounded operator then assumption (iv) holds. One can 
easily show by direct calculation that in the case nm = 2 the hypothesis of 
Theorem | is satisfied and 


j S(t, L)s, (1, L)a » (t)dp* (Ll) 
7S 


is the kernel of a bounded operator. Therefore, assumption (iv) holds auto- 


matically when n = 2 (6, p. 382). 

4. Neumann series for the resolvent. Following (1, p. 560) we define 
functions G(t, 7, 4) by setting G = G® and 
(4.1) G = [+ GO-Yg] - [EG] = [+ G%q]’-[G"], » = 1,2,..., 


where the brackets indicate integration as follows 


(G*q]-(G") = j G'(t, & ¥)Q(E)G(E, 1, d) dé. 


The object of this section is to show that Gt = }>(— ¢«)’G™ is the kernel of 
the resolvent of the operator //,. 


LEMMA 1. If G™ is defined by (4.1) and assumptions (i) and (ii) hold, then 
for \e| < (yKn*)-', 1 € A, 0 <6 < do the series Gt = }>(— ©€)’G™ converges 
uniformly and absolutely and 


(4.2) IG | <&(t)O(t)y"(Kn?)", » =0,1,2.... 


Proof. The inequality (4.2) holds for » = 0 by assumption (ii) and (2.4). 
Suppose (4.2) true for (vy — 1). Then by (4.1) 


(4.3) GY? = + j G(t, &, Aq(E)G”'(E, 7, X) dé. 
Using assumptions (i), (ii), and (2.4) we get 


et 
(4.4) |G"|<| > M*(A)} silt, ®) j se(E, A)Q(EVG” (E, 7, dX) dé 
«0 


l 


0 
+ s,(t, d) | Sy(&, A)Q(ENG CE, 7, d) dé ¢ | 
w/t 
< Kn’ #(t) | (£)\g(E)|\y” '@(E) &(r) (Kn’)’ dé 


< (Kn’*)"* y"*&(t) ®(r) j ® (£)\q(E)| dé 
< (Kn’)’*"y’ ®(t) ®(r). 


This proves (4.2). The absolute convergence of the series for G* follows 
from (4.2). We also need the following lemma: 
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LEMMA 2. /f 
*ap 
G r)u = | Gu dr 
0 


where G” is defined by (4.1) and if assumptions (i) and (ii) hold, then ‘4 (d 
is a bounded operator and 


i 
» » Max |g|* 


YY, , i , 2 
(4.5) I} ql? *”'ul| < (yKn°) | | 1 2. 
. $¥ (dr) 
Proof. For v = 0 
1G (0) , . ; 7A) ' ~ ; ; l 
q\*F  (A)ul| < max |q}*}||4 ~ (A) u\| < max jq)\* Fry u}|. 
} 
Suppose (4.5) true for (v — 1). Then using (2.4) and assumptions (i) and (ii), 


(4.6) | \gPOr)ul < > Be M*\} g(t)|*\s,(t, d) j se(E, A)Q(E)G OY uldé 


- Rex oo } 
+|q(t)|*|s¢(t, d) j s)(E, A)q(E)F Ou dé ( 
Jt 


1 - 
u\dé. 


< (Kn’)\q(t) |? @(t) j &(E)|q(E)F 
From (4.6) it follows 


(4.7) || |-qP9 ull? = | | \glto © ue| *at 


< (Kn’)’ | ®°(t)\q(t) dt j ® ()\q(é) \dé | qlé) |G ~ u\ "dé 
0 e0 ei 


i 9 
a - 29,2 JMax |¢ 2\? 
< (Kn’)*y' (yKn’)”~* 5-5 ari \u 


22 Smax |g|*\* 


< (yKn’*) FOr) | |2 


Lemma 1 and Lemma 2 imply: 
ply 


THEOREM 2. If G“ is defined by (4.1) and assumptions (i) and (ii) hold, then 
for \e| < (yKn*)-', 1 € A, 0 <6 < do the series G« = ¥(— ©€)’G™ represents 


the kernel of the resolvent R«(\) = (H, — \1)~' of the operator H,. 
Proof. Let 
B(x) =1+ (+9) D (-0)""9™ (a). 


By Lemma 2 the series for 4*(\) converges uniformly in norm for|e| << (yKn?) 


and defines a bounded operator. Since G «(y) = Y™ (x) Be(y) and both FY (a), 
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4*() are bounded operators it follows 4 *(A) is a bounded operator. In order 
to show that %*(,) is the resolvent it is sufficient to show the range of 4 «(\) 
is in F,, and 
(4.8) (L. — A1)4 *(A)u = u, u € L2(0,0) 
(4.9) SoO()(L,—Al)hu=u, ue Y,. 
Since the range of 4°(A) is Y,, and since 4*(d) is bounded it follows the 
range %*(\) is contained in Y,. Formula (4.8) can be proved by direct 
calculation using the definition of G™ and Lemmas 1 and 2 (we shall omit 
the computation as it is standard (1, p. 562)). To prove (4’9) set 

w=u— 4%(r)\(L,—Al)u, u & Hy. 
Since w is the difference of two elements of %,, it follows 

w Dy. 
Then 
(H. — \1)w = (L, — Al)w = (ZL. — Al)u — (LZ, — A1)4 *(A) (ZL, — Al) 0. 
This implies w = (H, — Al)—'0 = 0. 
For later use define the modified resolvent kernels G (t, 7, \) by 

(4.5) GO = M*(1 + i8)s,(t, D (7, D, t>r 
(4.6) G = [GMg]’ . [4° -= &S.... 


Since s,;(t, \) are entire in \ the functions G™ have the same type of singu- 
larities along the real axis as G’. Also G™ satisfy Lemmas | and 2. 


5. Analyticity of E*(A). In this section we show that the spectral measure 
E*(4) corresponding to H, is an analytic operator in a neighbourhood of 
« = 0. Define the function @(t, r) by 


, ' =P oe 
(5.1) E@ = lim — “a G'drg . 

604+ 7 eT (3) 
We shall show that €“ are kernels of bounded operators E(A) and that 
E (A) = e’E™ (A) for sufficiently small «. To do this first consider the 
approximate kernel ““” defined by 


F a . .f sn 
(5.2) é™ = lim — | 4(G”’) dl 
30+ FT JA 
where G™ is defined by (4.6). We shall first prove that @” go": 


Lemma 3. If €& (A), & (A) are defined by (5.1) and (5.2) and if assump- 
tions (i), (ii), and (iii) hold, then € (A) & (A). 


*The existence of Zé ” is insured by (4.5), (4.6), and (ii) cf. (9, p. 346, 22.23). 
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Proof. By a routine calculation which will be omitted one can show using 
(ii), (2.4), (4.1), and (4.6) that for A 1+ 1,16€ A,O <6 < bo, 
(5.3) GO (t, 7,4) — E(t, 7, d)| < Mis, i 


where M, depends on (#, 7) but is independent of A. Using (5.3) we have 
, ev See eS! le 
(5.4) ¢ (A) = lim — /\ | G dd | = lim 4) | G dd ¢ ; 
6.04 7 LJ Ts 6.04 F lL. ri 

Next (4.2) implies 

' a , Men ' — AT gem Pat 
(5.5) lim — ‘| G‘ ‘dd ¢ = lim — I(G'”’)dl = €“”. 

6.04 FT \/ TS) 804+ F eV/A 

By (5.4) and (5.5) € (a) = &(A). 

Tueoreo 3. If &(A) is defined by (5.2) and if assumptions (i), (ii), (iii), 
and (iv) hold then & (A) ts the kernel of a bounded operator E‘”(A) and 
(5.6) |(E™ (A)u, v)| < p?(4v) (yKn?)’n'||ul| |\v u,v © L2(0,@). 


Proof. From the definition of G™ one can show by induction that 


(5.7) £(G”) = Dd (e''ql’--4 (G4) - (qGF. 
p+x=» ; R 
Next by (2.4) and (4.5) 4(@) = 4(M*)s,(t, )s,(7,D,t > + and (5.7) may 


be written 


(5.8) IG”) = >) AY OAL (r)4(M*) 
where 
et *oo 
(5.9) H(t) = Z. M”"s,(t, L) | dé; | Sm(é1, L)q(é1) 
p.m e0 «0 


GY? (£1, Eo, Aq (Es) 54 (Es, L)dés 


too tres 
+M”s,(t, l) dé, j Sm (1, l)q(és \G* . (E), Eo, ON )\q (Ee) 54 (Es, Ll) déo 
Jt 0 


et , e, ' 
=X s(t, D4 f oe nae + [rH noaey 


The integrals in (5.9) converge absolutely and may be estimated using (4.2). 
Define for fixed values of j, p, u (no summation) 


vt 


(5.10) 102,,(t, 4) = s(t, L) ni>(E, A)dé 


(5.11) 2Q2,,(t, %) = s,(t, L) | cM (E, r)dé. 





bed 
rer 
‘2 
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Using (ii) and (4.2) it is easily seen that 
ft 
(5.12) j ni (é, \)dt| < (yKn’*)* 
0 


®oo , | 7 
fe nae] < (Kn. 
ier 
With the notation j, introduced in Theorem 1 equation (5.8) becomes 


(5.13) IG”)= > (3.4) (2 Qty) 4M) 
u+x 


» ti, fe=1 
=D DL (uQh.n) (a Q,.x)4(M*). 
e+x—" ite] 


When (5.13) is inserted in (5.2) and operations of limit and integration are 
. c 7 
interchanged we get for u,v © FY 


(5.14) (EB (A)u,v) = 7 > lim : j (1, Qi ur 2) (1s Qk.x» @) ¥(M**(r)dl. 
4 


ptx=r i}, feel 6,04 Fe 


Che interchange of limit operations in (5.14) is justified since the integrand 
is less than an absolutely integrable function (the integrand is less than 
(t)|v(t)| &(r)|\u(r)|(yKn?)’"2K by (5.12) and (ii) and this function is inte- 
grable for u,v € Z,). The remainder of the proof consists in estimating the 


term of (5.14). For p, 7, u, 11, t2 fixed (no summation) we have by the Schwarz 
inequality 


(5.15) | (1 Qio.n» 0) (i Qke.xs u) 4(M*(x)dl| 
7h 
< | (es Qie» D) (4, Qk pu» 0)-4 (M*(d))dl 
Sh 


X fe Qbeoes @) (14Gb 4) ACM (A) 
7A 


since 4 (M*(\)) is a non-negative matrix (of (5, p. 534)). 
Again since 4(M*) is a non-negative matrix |4(M*(A))| < (4(M))? 
(4(M**))*, and we have 


(5.16) | | (11Q5,.0» D) (11 Qepns v) /(M*(x))dl| 
eS 


< fC Quo B11 Css Qn 0) (4M) CY (IM) at 
4 


<2 (f(a Qhn 14d + F 1G.» 0)1*-¥(at*)ar) 
yA JA 7A 
< mf | Qin B)A(MM(A))DAL. 

eS 
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By (5.10) and the Schwarz inequality 


(5.17) (:Q5,.0. 2) = | f(t, rat | S;,(&, Lv(é)dé 
0 Jt 





mx ee . 2 
< | in (e)|at | n” (t) | s,;,(&, L)v(é)dé| dt 


where |n™(#)| = supa, |n5|. Now apply assumptions (iii) and (iv), and 
(5.12), (5.16), and (5.17) to obtain 


(5.18) lm =— , (1Q},,.0» ©) (1Qi, ns ¥) 4% (M™ (a) ) dl | 
4 


] 
6,04 7 


0 6,04 


. « > & : 1 . a, F |2 
< (vKn’)* | n”’(t)\ lim j j sp; (&, L)o(e)dé| %(M?(d)dl dt 
e e/ it ' 


= Kn’? {in| | | sos(&, Do(e)de| do” (yas 
0 ~W/A ei 


< (vKn’y* | in (t)| j (| sat, Do(ede) (| Spal, o(€)&) do” (Dat 
0 7A t at 


< n(yKn*)*p*||o||’, 0 € Fy. 
The identity 


if | 
lim *{ 
$04 7 A 


is by the theorem of Helly-Bray (8, pp. 163, 209). In exactly the same manner 


9 





ee » | ta | 2 
J Sp; (&, L)o(—)dé| -4(M*(d))dl = j J Sp; (&, D)v(E)dE| dp’? (1) 
t i 74 t 


as (5.18) was obtained we get 


(5.19) lim j (03 us 5) (:Q) 4. 0) 4(M*)dl < (yKn*)™*p*|\v||"n 
604+ 7A 
(5.20) lim (Qk, #) (Qk, x, @)I(M*)dl < (yKn*)*p*|\u\|?n 
6,044 
4 = 1,2. 


Using (5.14), (5.14), (5.19), and (5.20) we have 
(5.21) \(E™ (A)u, v)| < vP?(yKn*)’(4n*)||u!| |\o!, u,v € F.. 


The inequality (5.20) must hold for all u, v in L2(0,) and E™ (A) determines 
a bounded operator by a theorem by Frechet (6, p. 385). 
Now we shall state our main theorem: 


THEOREM 3. Jf L, = Lo + «gq is a differential operator such that the problem 
Lou = du, [vo,, u](0) = 0,7 = 1,..., v is self adjoint and satisfies conditions 
(i), (ii), (iii), and (iv) then for \e| < (yKn*)-'L, determines a self-adjoint 
operator H, and the spectral measure E*(A) corresponding to H, is an analytic 
operator. 





dt 


ner 


ines 
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Proof. For \e| < (yKn*)—' we have the equalities 


- v =(v) v . l 4 Z (¥) { 
(5.22) > (FE (A)u,v) = > (—)’ lim - sy} | (9 u, v)dd¢ 
us o/T(s) 


6.,04 


P { 
lim +44 | > (—«)"(F ™'u, v)dr¢ 
r(é) / 


6.04.7 

= lim M I\{ (F ‘u, evan} 
604+ 7 r(a) 

= (E‘u,v), u,v € BZ. 


The first two equalities in (5.21) follow from (5.1) and the fact that the 
function G°” (t, r, A)u(r)v(t) is less than an integrable function for u,v € D 
(By Lemma 1 


oo 


G” (t, r, X)u(r)o(t)| < y"(Kn*)"*"@(t) (1) u(r) ||0(0) 


and (t)@(r)|u(r)||v(t)| is integrable when u,v € D,.) The third equality in 
(5.22) is by Theorem 2 and the fourth equality in (5.21) is by (2.5). From 
(5.6) and (5.22) it follows that E*(A) is a bounded analytic operator by a 


theorem of Frechet (6, p. 385). 


6. Weakened assumptions. The restrictions placed on g in preceding 
sections may be weakened. In fact Theorems 3 and 4 remain valid when 
assumption (i) is replaced by 


(i)’ | #3 (t)\q(t) "dt N¥1< @ pm La iwsa 


where #,(¢) = sup |s,(t, 1)|,j7 = 1,...,m,1 © A. It is not necessary to assume 
q bounded. We shall omit giving the details of the proof of how Theorems 3 
and 4 follow from (i)’ but simply outline the necessary steps in the argument: 
First of all one observes, by reviewing the proof of Theorems 3 and 4, that 
the series E*(A) = Se’E’(A) represents a bounded operator for |e] < (y, Kn?) 
It remains to redefine H,, show it self adjoint with domain Fy, and show 
that E*(A) is the spectral measure of H,. To define H, one shows that G*(n), 
defined in Theorem 2, is a bounded operator for |e] < (y:Kn*)-!, 4 (A) > 4 
using (i)’. Then H, — \1 is defined to be the inverse of Y*(A). Using proper- 
ties of Y«*(X) one shows H, is self adjoint, 


co Co C 
Sy. => Dy, Lau = Hua, u ¢ Day, 


Finally to show that £*(A) is the spectral measure corresponding to H, we 
use a limiting argument. Define operators L,(a, b) = Lo + eq(a, b, t) where 


Ja(t)i(t)/%,(t),t <a 


(6.1) q(a, 6, t) = lo t>a 
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and #,(¢) = sup |s,(¢,A)|, 7 = 1,...,", 1€ 4, 0 <6 <b. The operators 
L.(a, b) satisfy assumption (i) so that Theorems 2, 3, and 4 hold for L,(a, 8), 
le] < (y,:Kn?)—. Now the resolvent 4*(A, a, 6) of H.(a, 6) converges strongly 
to the resolvent 9¥*(A) of H., a—@, 6-0. By a well-known theorem of 
Rellich the spectral measure E*(A, a, 6) converges strongly to E*(A), a, 
b— 0. On the other hand, E*(A,a,) converges strongly to E*(A) so 
E*(4) = E*(A). 

Note that the results of § 5 hold if LZ» has a singular point at ¢ = 0 since 
the boundary conditions there are given in the abstract form (6). 

It is important to consider weakening assumption (iii). An alternative 
assumption is the following: 

(iii)’ There exists a unimodular matrix V,*(A) which is analytic in \, 
LE A, — bo <6 < bo, VA(A) = V,*(X) such that the spectral density matrix 
p*(l) defined by 


i el 
(6.2) p*(1) = | VID VEWMdp”™ (Vl) A = fa, 8] 


s a diagonal matrix. We may derive Theorem 3 using (iii)’ in place of (iii) 
simply by using p* in place of p* and also $, = U,*s,, M* = V,V.4M" in 
place of s;, M*. (U;* means the inverse of V;,’ (5, p. 536). 

An alternative to assumption (iv) is the following set of three conditions: 
(iv)! M*®* =0,j=r+1,...,m. 
(iv) if sj, are permutations of the regular solutions s,; 7 = 1,..., r 
according to the rules sizp’ = Sip, J+ DP <7, Srp = Sinp-rr J +P > 4 then 
for p=1,...,7 


| S’ sap (ty L)S'e4 (7, Ddp* (1) 
7S 


are kernels of bounded operators with bound P?. 
(iv)’” fork =r+1,...,m. 


{ (iar (| S, “ut)) q\dt < P’, LEA. 
0 Jo 


sv? 


We may derive Theorem 3 with (iv)’, (iv)’’, and (iv)’” in place of assumption 
(iv) by minor modifications of the argument. Formulas (5.19) and (5.20) 
must be re-proved using (iv)” when i = 1 and (iv)’”’ when i = 2. 

For the case m = 4 and Lo = d‘/dt*, Yo. = t, Yor = #°/3! assumptions (ii), 
(iii)’, (iv)’, (iv)”’, and (iv)’” are satisfied with r = 3 provided A = [a, 8] is 
any interval of the form 0 < a < t < 8 < @. The expansion theorem for this 
case has been obtained by Windau (10). Using Windau’s results one may 
easily verify that assumptions (ii), (iii)’, (iv)’, (iv), (iv)’” hold. 
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SUR LES REPRESENTATIONS UNITAIRES DES 
GROUPES DE LIE NILPOTENTS. VI 


JACQUES DIXMIER 


Soient I un groupe localement compact, [f l'ensemble des classes de repré- 
sentations unitaires irréductibles de T. Dans (4), Godement a défini une 
topologie sur [ que nous appellerons ‘“‘topologie canonique.’’ Cette topologie 
est facile A étudier lorsque [ est abélien ou compact, mais fort mal connue 
en général. Dans un article récent (3), Fell a repris l'étude de la topologie 
canonique de [f, et réussi a la calculer lorsque [ est le groupe spécial linéaire 
complexe a n variables. L’espace [ est alors “‘presque’’ séparé, et, par suite, 
“presque” localement compact. 

Il semble nécessaire d'étudier complétement quelques cas particuliers avant 
d’entreprendre une théorie générale de [. Dans un article antérieur (1), j'ai 
déterminé /' ensemble T lorsque T est un groupe de Lie nilpotent simplement 
connexe de dimension < 5 (il y a essentiellement 8 tels groupes notés T;, Tl’, 
I's1, I's2,--., s,s dans (1); nous conserverons ces notations ici). Nous allons 
calculer les topologies canoniques de f;, Py, fs.1, Ps.2, P's.s, et Ps.c, et obtenir 
un résultat partiel pour [,, (le cas de I's, conduit a des caiculs qui m’ont 
rebuté). Bien que l'écart entre les topologies trouvées et la séparation soit 
plus sévére que dans le cas de Fell, les espaces obtenus sont encore trés 
raisonnables. La méthode des éléments 


sé 


boundedly represented” de Fell ne 
semble pas utilisable dans notre cas; mais il nous suffira d’appliquer le premier 
chapitre de (3), en le combinant avec quelques calculs explicites, assez 
variables d’un cas 4 l'autre. 

Les résultats conduisent 4 un certain nombre de conjectures. Par exemple: 

(1) Soient T un groupe de Lie nilpotent simplement connexe, g son algébre 
de Lie, U(g) l'algébre enveloppante de g, 3(q) le centre de U(g). Tout a € 3(Qg) 
définit une fonction scalaire f, sur [. Alors f, est continue. (Ceci est main- 
tenant démontré; cf. P. Bernat et J. Dixmier, C. R. Acad. Sci. Paris, 1960). 

(2) Soit P l'ensemble des points U de f possédant la propriété suivante: 
pour tout V € [, V # U, il existe des voisinages de U et V qui sont dis- 
joints. Alors, P est une partie ouverte partout dense de [, et la topologie 
induite sur P par la topologie canonique de [f est la moins fine rendant con- 
tinues les fonctions f,. 

D’aprés (2), les caractéres des groupes nilpotents simplement connexes sont 
des distributions tempérées. Nous les calculons pour I, et I'5.5, ce qui fait 
apparaitre des fonctions de Bessel. 

Norations. On désignera par R le corps des nombres réels, par C le corps 


Regu le 17 mars, 1959. 
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des nombres complexes, par L¢*?(R") l'ensemble des fonctions complexes sur 
R" de carré intégrable pour la mesure de Lebesgue, par -/ (R") l'ensemble 
des fonctions complexes sur R" indéfiniment différentiables A décroissance 
rapide. Si [T est un groupe de Lie nilpotent simplement connexe, il y a une 
notion intrinséque de fonction polynéme sur I’, donc -7 (1) a encore un sens. On 
désignera par F la transformation de Fourier. Si F /(R*), on notera Fo, 
la fonction 


(E1, E2, Es, Ea) > Jf F(Es, m2, Es, 04) exp — i(Eam2 + Eana)dnedna, 


transformée de Fourier de F par rapport aux 2e et 4e variables; et on définira 


de maniére analogue, pour F € -7(R"), la fonction 
Fi... pour lgi<iz<...<i en 
Si 81, B2,...,8, € R, on notera -7(6,,...,8,) lopérateur unitaire dans 


L_?(R") défini par 
(F@s,...,8M) G,....&) © /4,+h,....& +h 


Si h est une fonction complexe mesurable essentiellement bornée sur R", on 
notera -“(h) (ou -@(h(é,,..., &)) par abus de notation) l'opérateur continu 
dans L,*(R") défini par 


(-@ (h)f)(&s, ... Ea) = ACE... , oe) 


fr 


1. Quelques lemmes. 


LEMME 1. Soient A une C*-algébre, B une partie partout dense de A; sotent 
To un point du spectre A de A, et SC A. On suppose que, pour tout x © B, on 
@ supres||7T(x)|| > ||To(x)||. Alors T» est canoniquement adhérent a S. 


Démonstration. L’inégalité supr.s||7(x)|| > || To(x)|| s'étend par continuité 
a tout x € A. Le lemme résulte alors du lemme 2.1 de (3). 
LEMME 2. Soient A une C*-algébre, B une partie partout dense de A, et -7 


une topologie sur A. On suppose que, pour tout x © B, la fonction T — |\T(x) 
est continue pour 7. Alors 7 est plus fine que la topologie canonique de A. 


Démonstration. Soit S une partie canoniquement fermée de A. Si Ty © A 
est adhérent a S pour -7, on a supz.s||7(x)|| > ||7o(x)|| pour tout x © B 
Donc (Lemme 1) 7» est canoniquement adhérent a S et par suite 7) © S 


Donc S est fermée pour -7. 


LEMME 3. Soient I un groupe localement compact, 1’ un sous-groupe distingué 


fermé de T, et ¢ l'application canonique de YT sur 1/1’. Alors l'application 


¢:U -Uog de (T/T’)- dans T est un homéomorphisme de (1/T’)~ sur une 
partie fermée de T. 


Démonstration. Le fait que ¢ soit un homéomorphisme de (I'/T’)~ sur une 
partie S de [ résulte aussit4t du Théoréme 1.5 de (3) et du fait qu'une partie 
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de I['/I” est compacte si et seulement si elle est l'image par ¢ d'une partie 
compacte de [. D’autre part, si JT € f est canoniquement adhérent 4 S, le 
Théoréme 1.5 de (3) montre que les fonctions de type positif associées 4 7 
sont constantes sur les classes modulo I’. En particulier, si x est un vecteur 
unitaire de l’espace of opére 7, on a (7(y)x|x) = 1 pour y € I”, donc 
T(y)x = x pour y € I’, donc T(y) = 1 pour y € I’. Donec 7 € S. 

LemME 4. Soient F € -/(R"), A un espace topologique, \»o € A, et ¢ une 
application continue de R? X A dans R" possédant la propriété suivante: il 
existe un K > 0, un a > O, et un voisinage V de Xo dans A tel que |\y~(x, A)|| > 
K||x||* pour |\x|| > 1 et XC V. Posoms w(x) = F(e(x, d)). Alors, quand }— Xo, 

Vr =e Vr 
dans L,?(R?). 

Démonstration. Soit q = (p + 1/)2a. Il existe une constante k > 0 telle que 
|F(y)| (1 + |ly||9 < &. Alors, pour A € V et x € R?, ||x|| > 1, ona 
k kh k 

= |F p , r oe a ae eS st < " erail.iia@oe 3 1 weil | tI): 
Wa (x) | (g(x DIi< 1 + || e(x, d)||* * 1+ K"\\x!/ q 1 + K"|\\x (p+ 
Donc y € Le?(R?), et 
Wr mer Vr0! 
est, pour A € V, majoré par une fonction fixe de Le?(R”). Comme 
W(x) — rr, (x) -@ 0 


pour chaque valeur de x quand A — do, on voit que 


Siva) — Wh, (x)|*dx 0 


quand A — Xo. 


2. Topologie de [;. D’aprés (1), proposition 3, f; est réunion de 2 
sous-ensembles disjoints A et B: 
(1) A est l'ensemble des représentations U,(A € R, A # 0); chaque repré- 
sentation U, opére dans Lg¢?(R) et est définie par la formule 
(Uy (y)f) (0) = [exp 1A(ps — p29) 1f(O + pi) 
(y = (p1, p2, ps) © Ts, f ¢ L-?(R), 6€ R). 
Toutes les fois que cela sera commode, nous identifierons A et R — {0} par 
l’application \ — Uj. 
(2) B est l'ensemble des représentations V,,(A, u € R); chaque repré- 
sentation V,, opére dans un espace de dimension 1, donc s’identifie 4 une 
fonction scalaire sur ['3, conformément 4 la relation 


Viwly) = exp t(Api + upe) 


(y = (p1, p2, os) € T's). Nous identifierons éventuellement B et R? par |'appli- 
cation (A, nu) > Vy ,. 





= it. & 


N 


p= 








GROUPES DE LIE NILPOTENTS 327 


Munissons 4 de la topologie de R — {0} et B de la topologie de R*. La 
topologie sur [; qui fait de fT; la somme topologique des espaces topologiques 
A et B précédents sera appelée la topologie des paramétres. D'aprés le Lemme 3, 
B est canoniquement fermé dans [f;, et la topologie induite sur B par la 
topologie canonique de [; est la topologie des paramétres. 

Soit F € ./(T;). Soient f et g des fonctions numériques complexes d'une 
variable réelle, continues A support compact. On a 


(1) (Ui(F)f\g) 
= SSS Fp, pe, p3)dpidpedp; J exp 1A(ps — p28)f(@ + pi)g(0) dé 
= SSIS FG, — 6, p2, ps) exp 1A(ps — px8)f(p1)g(0)dpidpedp; dé. 
Donec U,(F) est défini par le noyau 


(2) Ky (1, 6) Sf Fl — 6, P2, P3) exp 1A(p3 — p29 )dpedp; 


ll 


Fes(p, — 0, 0, — 2). 


Lemme 5. Soit F © (13). La fonction T —\\|T(F)|\| est continue sur T; 
pour la topologie des paramétres. 


Démonstration. La continuité est immédiate sur B. D’autre part, en utilisant 
les notations précédentes, l’'application \ — K, est une application fortement 
continue de R — {0} dans L,_?(R*) (Lemme 4). Donc Il'application \ — U,(F) 
est continue pour la norme d’Hilbert-Schmidt des opérateurs et a fortiori 
pour la topologie uniforme. Ceci prouve la continuité de |'application 
4 — ||U,(F)|| sur A. D’od le lemme. 

Utilisant le Lemme 2, on voit que les ensembles canoniquement fermés de 
['; sont a chercher parmi les ensembles A; LU B,, of A; C A et B, C B sont 
fermés pour la topologie des paramétres. En outre, 4, et B, doivent vérifier 
des conditions supplémentaires: 





LEMME 6. Soient A; C A, By C B. On suppose A, U B, canoniquement 
fermé. Alors, si 0 est adhérent d A, dans R, on a B, = B. 


Démonstration. Soit F € -7(T3). Soient f et g des fonctions numériques 
complexes d’une variable réelle, continues 4 support compact. Pour tout 
8 € R, on a, d’aprés (1) 


(< (F).F (2 I\.F X g 
a oe 8 B 
= ut} F (pi, po, ps) exp 1A(ps — parito + pit 8) eo + 8) dp\dp2dp;d0 


= iff F(p1, p2, ps) exp 1(Aps — Apo + Bp2)f(O + pi)g(@)dpidpedp.dé 


Quand A — 0, ceci tend vers 
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SUNS F(p1, p2, ps) exp(i Bp2)f(0 + p:)g(0)dprdpsdpsd0 
= ff Fe(pr, —B, 0)f(0 + pr) g(@)dprdd = (Vf \g), 


ot V est, dans L,¢?(R), l’opérateur de convolution avec la fonction p; — 
Fo3(— pi, — 8,0). Ainsi, quand A > 0, 


, a) (8) 
I (2 UMF)T \+ 


tend faiblement vers V, donc lim )..o||U,(/)|| > || V||. Par transformation de 
Fourier, on voit que 


|V|| = supee|Fi2s(¢, —8, 0)| = supeer|| V_e.6(F) 


Donc lim)_,o||U,(F)|| > ||Ve,(F)|| quels que soient — € R, wu € R. Le Lemme 
6 résulte alors du Lemme 1. 


PROPOSITION 1. Les ensembles canoniquement fermés dans T; sont les ensembles 
A, B, (A, CA, Bi C B) possédant les propriétés suivantes: 

(1) A, est fermé dans A pour la topologie des paramétres; 

(2) B, est fermé dans B pour la topologie des paramétres; 

(3) Si 0 est adhérent d A, dans R, ona B, = B. 


Démonstration. Nous savons déja que les conditions (1), (2), et (3) sont 
nécessaires pour que A,  B, soit canoniquement fermé. Supposons ces con- 
ditions remplies et montrons que A, U B, est canoniquement fermé. Soit 
Té€ T;:, T7¢ A, U By. Il s’agit de montrer que 7 n'est pas canoniquement 
adhérent a4 A,  B,. Or T n’est pas canoniquement adhérent a B, car B, 
est canoniquement fermé. II s’'agit donc de prouver que T n'est pas canonique- 


ment adhérent a A;. Nous allons pour cela construire une F € -7(T'3) telle 
que T(F) # 0, et telle que 7’(F) = 0 pour 7” € A;. Distinguons deux cas. 
(A) T = Uy, ¢ Ai. 

Soient @ € R, p:; € R. Soit E l'ensemble des points de R* dont la 3e coordonnée 
appartient 4 — A,. Puisque A, est fermé pour la topologie des paramétres, le 
point (p; — 8,0, — Ao) est extérieur A E. Soit G une fonction de -7 (R*) 
non nulle en ce point et nulle sur E. On a G = Fy; pour F € SY (R*) bien 


choisie. Alors, compte tenu de (2), U;,(F) est défini par un noyau de -7 (R*) 
qui n’est pas identiquement nul, donc 


U,,(F) # 0; 
par contre, pour \ € A;, U,(F) est défini par le noyau 0, donc U,(F) = 0. 
(B) T = Vay uo ¢ Bi. 


D’aprés I’hypothése (3) de la proposition, 0 n'est pas adhérent A A, dans 





n 
) 
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R. Le point (— Ao, — wo, 0) est donc extérieur A l'ensemble E introduit plus 
haut. Il existe une F € -7(R*) telle que U,(F) =0 pour \ € Ay, et 
Fi23(— Ao, — wo, 0) ¥ 0, donc 

Vie ne(F) 0. 


Remarque. Le quotient de T'; par un sous-groupe discret non trivial de son 
centre a donc un dual localement compact, qui s’identifie 4 la somme topo- 
logique de R? et de Z — {0} (Z: ensemble des entiers rationnels). 


3. Topologie de [,. D’aprés (1), Proposition 4, I, est réunion de 3 sous- 
ensembles disjoints A, B, C: 

(1) A est l'ensemble des U,, (A, » © R,A # 0); chaque Uy, opére dans 
Le? (R) et est définie par la formule 


: . ‘ l : 
(Uy,u(v)f) (0) = exp {-3¢,, + Aps — Ap + boss" 10 + pi) 


\y = (Pi, P2, Pa, ps) ly, f Le(R), @ R). 
(2) B est l'ensemble des V, (A © R, A # 0); chaque V, opére dans Le?(R) 
et est définie par la formule 
(Vi(y)f) (0) = exp 1A(p3 — p28)f(O + pi). 
(3) C est l'ensemble des Wy, (A, u € R); chaque Wy, s’identifie A une 
fonction scalaire sur I’, conformément Aa la relation 
Wy u(y) = exp 7(Api + ype). 


D’aprés le Lemme 3, B\UC est canoniquement fermé dans [,, et la 
topologie induite sur BC par la topologie canonique de [, s’identifie a 
la topologie canonique de [;; elle est donc connue par la Proposition 1. 

On définit sur Ty une “‘topologie des paramétres’’ comme on I'a fait sur T;. 

Nous noterons Il, (resp. II_) l'ensemble des (A, u) © R? tels que A > 0 
(resp. \ < 0). Nous identifierons A a Il, II, B Aa R — {0} et C a R* quand 
cela sera commode. 

Soit F € -Y(T,4). Soient f et g deux fonctions numériques complexes d'une 
variable réelle, continues 4 support compact. On a 


(3) (Uy n(F)fig) 

= f. sti {Fo eee ps) exp {- F po + Aps — Aps + pros? 10 + pi)g(@) 
dp, .. . dp, d@ 

= f ee fro — 0, po, ps, ps) Exp {-! 4 po + Aps — Ap! + ou") 


f(pi)g(@)dp, . . . dpad@. 
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Donec U,,(F) est défini par le noyau 


(4) Ky.y(pr, 4) 


vii ; é 1 P 
i) F (pi — 9, p2, ps, pa) exp {3 : p2 + Aps — Ap + 4drpoI )doadosdp 


’ 1 : 
Foal o — 6, ty — 3, ©, - r) 


Lemme 7. Soit F € (1,4). La fonction T —-||T(F)\| est continue sur [, 
pour la topologie des parameétres. 


Démonstration. La continuité sur B  C résulte du Lemme 5. D’autre part, 
en utilisant les notations précédentes, l’application (A, u) ~ Ky, est une 


” 


application fortement continue de 4 dans L,?(R*) (Lemme 4). On en conclut 
comme au Lemme 5 que l’application (A, u) — ||U,,,(F)|| est continue sur 4. 


LEMME 8. Soient A, . A, B, oe B, Cy C C. On suppose A, U B, U Ci 
canoniquement fermé. Alors: 
(1) Si wo > O est tel que (0, uo) soit adhérent Gd A, dans R?, on a 


1 


Vio! | B,, V . jo? & B,. 
(2) Si (0,0) est adhérent ad A, (\ II" dans R*, on a W,,,,, © Ci pour 


. Me 
Ho > LM @,4)-5(0, 0) (Agu) A, OL, ( ae ) ° 


No} 
> 


(3) Si (0,0) est adhérent d A, (\ TIl_ dans R?*, on a Wy, ,, € Ci pour 
<i (1%) 
Ko S NM. g)(0.0) (A.m) «A, OI 2» ° 


Démonstration. Soit F € -(T,). Soient f et g des fonctions numériques 
complexes d’une variable réelle, continues 4 support compact. Pour » > 0, 


on a, d’aprés (3) 
: — uw - uw P on he 
Uy, .(F)7 4 f\7 1/&) = j ite | Fo: baie iaod ps) exp(iA)f(@ + p1) 
(6) dp... . dp, dé 


avec 





1 } 9 
lu uw? p 
— aw + Aps — ronl 6 — “) + sror(« _ e) 


= ps — Apo + wlps + 4Ap0" — wiped. 


b 
| 
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Quand \ — 0 et u — wo > O, I’intégrale tend vers 


| sie f f | ps) expt ud(ps — pO)f(@+ p1)g(0@)dp, .. « dpdé 


= (Vsi(F)f\g). 
Donc -7 (u*/d) “10 (F)-F (ub A) tend faiblement vers V,}, et par suite 


lim ca) 0,0) || Ua.u(F)|| 2 1 ‘ed ||. 


Si (0, wo) est adhérent a A, dans R’, ona 
V,3 ‘ B, 


(Lemme 1). Considérant FT (=—pt/r)' Uy, (F)-7 (= A), on voit de méme 
que V-,! € By. 

Supposons maintenant que (0,0) soit adhérent A A, (\ Tl, dans R?. Soit 
uo un nombre réel fini tel que 


F lu 
ho 2 lim a, 4) »(0,0),(A,a) eA MIT, ~9 d . 


Il existe des suites de nombres réels A,, u», 8, tels que 


l n 2 
(Ans Hn) > (0,0), (ny Hn) € Ar) Hy, —5 5% + BXnB'n > mo. 


Alors, 


(U,.4n(F)-T (Bn)f\-F (Bag) 


= | saw | =e ps) exp(1A)f (0 + pi)g(@)dp, . . . dpdé 
avec 
L bn 1 : 
A= 9 r pe + AnP4 — Anps(8 — Bn) + $Anpo(6 7 Bn) 
] n 2 2 
™ (is + $r,8 .) + AnP4 _ AnpsO + $n p28 + AnBr (ps ™ p28). 
Remarquons que — $y, + 4A,28,2 0, donc que A,6, —~ 0, quand n— +o. 


Ceci posé, l’intégrale tend vers 
| ees | F(pi,..., ps) exp(ipop2)f(0 + pi)g(@)dp. . . . dpadé 


— fj Pesa(pr, — po, 0, 0)f (6 + Pi )g(0)dp,dé = ( Vf g) 


ot V est, dans Le*(R), l’opérateur de convolution avec la fonction p; — 
Fos4(— pi, — wo, 0,0). Quand n> +, 


T (By) "Ura.un(F)-F (Bn) 
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tend faiblement vers V, donc 
lity ,4c0||Urn.nn(F)|| > supger|Pi2sa(—E, —uo, 0, 0)| = sudeer||We.no(F)||. 


Donc W;:,, € Ci pour tout — € R. On raisonne de facon analogue lorsque 
(0,0) est adhérent a A; () Il_ dans R?. 

Le Lemme 8 donne des conditions nécessaires pour que 4, LU B, U C, soit 
canoniquement fermé. Pour prouver que ces conditions sont aussi suffisantes, 
nous aurons besoin du lemme suivant. 


LEMME 9. Soit A, une partie de A fermée pour la topologie des parameétres. 
Soit E l'ensemble des points de R‘ de la forme 


ly 2 
(1,4 — 4 0°, dO, -), 


on t€ R, @€ R, (A, pu) € Ay. Alors l’adhérence de E dans R‘ est contenue 
dans la réunion des ensembles suivants: 

(1) E; 

(2) l'ensemble des points (t, 7, + uo’, 0), o8 tC R, + € R, et of wo > O est 
tel que (0, uo) soit adhérent ad A, dans R?; 

(3) st (0, 0) est adhérent d A, (\ Tl, dans R?, l'ensemble des points (t, r, 0, 0), 
ou 

T< lime )5(0, 0), (A,m) «4100 (2 “) ; 
1)-9(0, 0), A,m) es thoy 

(4) st (0, 0) est adhérent ad A, (\ l1_ dans R?, l'ensemble des points (t, r, 0, 0), 

on 


: lu 
T > lima, ») 5(0,0), (A ounehd r . 


(En fait, l’énoncé précédent fournit exactement l’adhérence de E; mais 
nous n’aurons pas besoin de ce fait.) 


Démonstration. Supposons que 


1 pn 
2 rn 
(t, © R, 6, € R, (An, un) € Ai), et montrons que (£1, £2, &3, 4) appartient a 
l'un des ensembles du lemme. Si & # 0, ty, ., An. Mn Ont des limites finies 
t,0,, 4; on a (A, uw) © Ay puisque A, est fermé dans A pour la topologie des 
paramétres, et 


tn —> 1, — EdwDn” —> Ee, AnOn —> Es, —Yn — Ee 


donc (é;, £2, &3, 4) © E. Supposons &, = 0. Comme A,.~! (un — An2O,2) — 2k, on 
a pn — A,70,2 +0, donc wu, — £3”. Si &; # 0, alors wo = &32 > 0, (0, uo) est 














st 
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adhérent a A, dans R?, et (£1, &2, &s, 4) = (1, 2, + wo’, 0). Enfin, si &; = & = 0, 
(0, 0) est adhérent a A, dans R*. Supposons \,, > 0 pour une infinité de valeurs 
de m (donc, en changeant de notations, pour toute valeur de m). Alors, (0, 0) 
est adhérent A A, ()\ Tl, dans R?. Ona 


a (1 lim : 
i = im (3 _ 10) < lim (3 ts) < lim a.y) »(0, 0) sonal #) ‘ 


On raisonne de méme si A, < 0 pour une infinité de valeurs de n. 


PROPOSITION 2. Les ensembles canoniquement fermés dans T, sont les ensembles 
A,y\UB,UG, (Ai CA, BiC B,C, C C) possédant les propriétés suivantes: 
(1) A, est fermé dans A pour la topologie des paramétres; 
(2) B, U C, est canoniquement fermé dans B \) C = 1; 
(3) Si (0, wo) (or wo > 0) est adhérent a A; dans R?, on a 
Vist € B;; 
(4) Si (0, 0) est adhérent a A, (\ Tl, dans R?, on a 
Wyo wo € C 


toutes les fois que 


wo > lim prea (-12), 
»(0,0), « + ' 
0 EEETE CD s)-9 (0,0), (A, eA A 2 
(5) Si (0,0) est adhérent d A, (\ Tl dans R?, on a 
Wyo .no \ C; 
toutes les fois que 
— ly 
wo S ey fe ° 
Démonstration. Raisonnant comme pour la Proposition 1, on est ramené 
a ceci: supposons vérifiées les conditions (1) a (5) de la proposition; soit 


Té€ Ty, T¢A;U B,;UC; et montrons qu'il existe une F ¢ S(T.) telle 
que T(F) #0 et 7’(F) = 0 pour T” € A,. Distinguons trois cas. 


(A) T = Ung uo ¢ A1. 


Soient p; € R, @€ R. Utilisons le Lemme 9 et la notation E de ce lemme. 
Le point 


1 2 
(>, - 65 .~ bod? od, — r») 


n'appartient pas a E (c'est immédiat), donc lui est extérieur (Lemme 9). Soit 
G une fonction de “(R‘) non nulle en ce point et nulle sur EZ. Ona G = Fozq 
pour F € Y(R‘) bien choisie. Alors, compte tenu de (4), on a 











334 JACQUES DIXMIER 


Undo .wo(F) ¥ 0, 
et U,,(F) = 0 pour (A, u) € A:. 
(B) T= Vio ¢ Bi. 


D’aprés I’hypothése (3) de la proposition, (0, A,?) n’est pas adhérent a A, 
dans R*. D’aprés le Lemme 9, quels que soient p,; € R, @©€ R, le point 
(p:1 — 8,08, — Ao, O) est extérieur a4 FE. Raisonnant comme dans (A), et 
compte tenu de (2) et (4), il existe F €¢ ./(R*) telle que 


Vi.(F) #0 


et U,,(F) = 0 pour (A, uw) € A:. 

(C) T = Wi wo ¢ Ci. D’aprés les hypothéses (4) et (5) de la proposition, 
et compte tenu du Lemme 9, (— Ao, — uo, 0, 0) est extérieur A E. Raisonnant 
comme dans (A), il existe F € -/(R‘) telle que F234 soit nulle sur E et non 
nulle en (— Ao, — wo, 0,0). Alors Fes, est nulle sur E, donc U,,(F) = 0 pour 
(A, w) € Ay et 

Wyo .wo(F) ¥ 0. 


4. Topologie de [;,. D'aprés (1, Proposition 5), fs, est une réunion 
de 2 sous-ensembles disjoints A et B. 

(1) A est l'ensemble des U,(A © R, A # 0); chaque U, opére dans Le?(R?) 
et est définie par la formule 


(Uy (y)f) (61, 62) = exp td(ps o~_ p26 —_ psOo) f (0; oa Pl, 6. > P3) 
(y = (ps seeee Ps) Is, f Le(R?), 61, A R). 


(2) B est l'ensemble des V,,.,.- (A, wu, », 7 © R); chaque V,,.,.- s’identifie 
a une fonction scalaire sur I'5.;,, conformément 4a la relation 


Viwc(y) = exp i(Api + ups + vps + 79s). 


D’aprés le Lemme 3, B est canoniquement fermé dans [fs ;, et la topologie 
induite sur B par la topologie canonique de [.; est la topologie canonique 
de R‘ = R‘*. 

On définit sur [';, une “‘topologie des paramétres’’ comme on I'a fait sur 
[';. Ceci posé, les calculs du paragraphe 2 se transposent sans difficultés et 
fournissent le résultat suivant: 


PROPOSITION 3. Les ensembles canoniquement fermés dans T5, sont les en- 
sembles Ay \V B, (A, C A,B; C B) possédant les propriétés suivantes: 

(1) A, est fermé dans A pour la topologie des paramétres; 

(2) B, est fermé dans B pour la topologie des paramétres; 

(3) Si 0 est adhérent a A, dans R, ona B, = B. 


5. Topologie de [;,. D’aprés (1, Proposition 6), P;» est réunion de 2 


sous-ensembles disjoints A, B: 


' 
; 
' 








TE EE gy we 
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(1) A est l'ensemble des U,,., (A, u,v € R, dA? + uw? # 0); chaque U,,, 
opére dans L,?(R) et est définie par la formule 


Ap 
(Uy.4.»(y)f) (0) = exp | wr + A(ps — pH) + w(ps — va) | 40 + p1) 


(y = (p1,..., ps) © Ts.1,f € Le(R),@ € R). 
2) B est l'ensemble des V,,,, (A, wu, » © R); chaque V,,,,, s'identifie A une 
fonction scalaire sur I'5.2, conformément A la relation 


Viw(y) = exp i(Ap: + wpe + vps). 


D'aprés le Lemme 3, B est canoniquement fermé dans [5 2, et la topologie 
induite sur B par la topologie canonique de ['s.2 est celle de R* = R’*. 

On définit sur ['s.. une topologie des paramétres. 

Avec les notations habituelles, on a 


(5) (Uiu.( Fg) 


. . } r — “= 
| —— { F(pi,..., ps) exp {dey — 69 + Alps — ph) + uwl(ps — oa) | 


f(0 + ps)g(@)dp: . . . dpsd0 


ll 
—— 


y* Ap; — ‘ 
: | Foo a). Tee ps) exp E> Hi + A(ps — po) 
e oN + Me 


+ p(ps — pi) | forded .. «dps dd. 
Donec U,,.»(F) est défini par le noyau 
(6) Ky. y.»(p1, 6) 


ny 
£.. {Fo — 0, p2,..., ps) exp E — re r+ A(ps — p28) 


+ u(ps — ps0) Vdosdosdoudps 
=F ( = ty aplas + hy = ee +t -2, -0) 
= 2345 \ Pl 1 + ' n+ MO, ’ Mi. 
LEMME 10. Soit F € -7(1T5.2). La fonction T — ||T(F)|| est continue sur Ts » 
pour la topologie des paramétres. 


Démonstration. Les raisonnements sont analogues a ceux des Lemmes 5 et 
7. Pour pouvoir utiliser le Lemme 4, il faut cette fois observer que 


‘ i. 
(7) (on — 0° + (285 + 00) o{-o% = 1+) + r+, 


2 


= (p1 — 6)*° + (n° + u°)0" + Sma + + py 
> K(p:” + 9°) 





pourvu que A? + yu? soit minoré par une constante > 0. 











336 JACQUES DIXMIER 


LEMME 11. Sotent A, C A, B, C B. On suppose A, VU B, canoniquement 
fermé. Alors, si (0,0,0) est adhérent a A, dans R*, B, contient tout point (a, B, y) 
possédant la propriété suivante: il existe des suites By, Yn, ns ny Yn de nombres 
réels tels que 


Bn — B, Yn ve (An, Mn; Vn) —— (0, 0, 0), (An, Mny Yn) Ay, = An¥n + MnBn + Yn " 0. 


Démonstration. Soient a, 8, Y, Ba, Yn» Any Mny ¥n avec les propriétés du lemme. 
La condition — An¥n + uaBn + v%» = 0 exprime qu'on peut résoudre en @, 
le systéme: 


Mn¥n AnYn 
AnIn + | ss ae = Bn, nOn % 2 . 4 = 7 ne 
Ne + be Na bn . 
Avec les notations habituelles, on a 
(U.10y. on F)-F (—,)f|-F ( — 0,2) 
= j ogee j ee ps) exp (1A)f(@ + pi)g(@)dp. . . . dpsdé 
avec 
AnP3 — Mnpe 
B= 9g Oe + ns — Anv2(O + On) + tnos — Hnps(O + 8,) 
An + MMe 


= —)yp8 — unps) + Anps + UnPs + Brp2 + Ynps- 


Quand n— +, l'intégrale tend vers 
j ne | F(pi,..., ps) exp 7 (Bp2 + yps)f(0 + pi)g(0)dpx ... dpsdé 


= | j Basten B, 7; 0, O)f (0 + pi)2(0)dp,de = (Vi g) 


ot V est, dans Le?(R), l’opérateur de convolution avec la fonction p; — 
Fo3a4s(— mi, — B, — y, 9,0). Donc 


T (On) U,,.0n.on(F)-F (On) 
tend faiblement vers V quand n — + —, et par suite 


lim, tool |U re te. wal) | > SUPER F yo345( —, — 6, - 7, 0, 0) 


= supeer||Ve.8.7(F) 
Donc Vas> € Bi. 


PROPOSITION 4. Les ensembles canoniquement fermés dans [5.2 sont les en- 
sembles A, \ B, (A; C A, B, C B) possédant les propriétés suivantes: 

(1) A, est fermé dans A pour la topologie des paramétres; 

(2) B, est fermé dans B pour la topologie des parameétres; 

(3) Si (0,0,0) est adhérent d A, dans R*, B, contient tout point (a, B, y) 
tel qu'il existe des suites Bn, Yn, Ans ns Yn» DEC By +B, Yn — Y; (Ans ns Yn) — (0, 0, 0), 
(Any ns Yn) © Aty — An¥n + MaBn +» = 0. 





nt 


es 


16 


0), 
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Démonstration. Raisonnant comme pour la Proposition 1, on est ramené a 
ceci: supposons vérifiées les conditions (1), (2), et (3) de la proposition; soit 
T€ Ps, T¢A,U Bi; et montrons qu'il existe une F € -/(T's.2) telle que 
T'(F) # Oet T’(F) = 0 pour 7” € A,. 

(A) Supposons 

T = Ujy,n0, 0 ¢ Ai. 


Soient p: € R, @€ R. Soit E l'ensemble des points de R® de la forme 
(; No’ + ——, , uo’ 4 d ) 
J as. Ue ’ = — = , a , —_ ’ 
+e N+ , 
ou 
te R, WER, (A,u,7) € Ax. 
Comme A, est fermé dans A pour la topologie des paramétres, il est facile 


de voir que E est fermé dans l'ensemble des points de R® dont les deux der- 
niéres coordonnées ne sont pas nulles simultanément. Donc 


MoVo ovo 
— 8, XB as , ed — a 3, — Yo, -») 
(>, Ao + Mo ‘a ho + Moe . 
est extérieur 4 £. D’od l'existence d'une F € -7(T's 2) telle que Progas soit non 


nulle en ce point et nulle sur E. Alors, 
Uno .no.vo(F) ¥ 0, 


et Uxy.»(F) = 0 pour (A, u,v) € Ai. 

(B) Supposons T = Vy yo.» ¢ Bi. Alors, (— Ay, — wy, — %, 0,0) n'est pas 
adhérent 4 E dans R°. En effet, supposons qu'il existe des suites t,, 0, \n, Mn, 
VY, avec 








MiYn AnYn 
i. — <2 Xo, Ann 4- ‘S a = = " nn = oe .=— = 
) + Mn vane ty + Une 
An — 0, tn 0, (An, Mas On) © Ab 

Posons 

‘ MaYn AnYn 

,=— »~6 — Fo 3 Va = — bee + —s— se: 7 2. 

5 eae ~ ree 


On a — An¥n + MaBn + Ym == O, Ct mp = AnYn — Mn8, 0. D’aprés l’'hypothése 
(3) de la proposition, on a donc (Ao, uo, vo) € Bi, ce qui est contradictoire. 
Ceci posé, il existe une F | S(T s.2) telle que Preoss soit nulle sur E et non 
nulle en (— Ao, — wo, — vo, 0, 0). Alors F545 est nulle sur E, donc Uy, ,(F) = 0 
pour (A, u,v) © Aj, et 


Vio ain ol? # 0. 


6. Topologie de [;,;. D’aprés (1, Proposition 7), I's, est réunion de 
3 sous-ensembles disjoints A, B, C: 
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(1) A est l'ensemble des U,(A © R, A # 0); chaque LU, opére dans Lc?(R?) 
et est définie par la formule 
(Uy(y)f) (01, 62) = exp td (ps — pO; + boobs —_ p32) (A; + Pi, 6. — po) 
(y = (p1 ,* 8" ps) \ l's,3,f ‘ Le(R’), 1, 82 ‘ R). 
(2) B est l'ensemble des V,,(A, u © R,A #0); chaque V,, opére dans 
Le?(R) et est définie par la formule 
(Vi .u(y)f)(@) = exp t(Aps — Apo + ups)f(O + pi). 
(3) C est l'ensemble des Wy, .,(A, u, » © R); chaque W,,,,, s'identifie A une 
fonction scalaire sur I's. 3, conformément a la relation 
Wy u.e(v) = exp t(Api + wpe + vps). 


D’aprés le Lemme 3, B UC est canoniquement fermé dans [fs 3, et la 
topologie induite sur B  C par la topologie canonique de [ ; est la topologie 
canonique de (T; X R)- = f; X R. 

On définit sur [,.; une topologie des paramétres. 

Avec les notations habituelles, on a 


(8) (U,(F)f\g) = 
{ ‘at f Fo. .. +» Ps) exp 1A(ps — ps8, + b 908 px2)f (A; + pi, 02 + po) 
2(0;, O2)dpy .. . dpsd0,d0. = 
f. - fro — 61, p2 — Os, ps, ps, ps) exp(tdAA )f (p31, p2)g(61, 6s)dp, . . . dpsd0,d0- 
ot 
A = ps — padi + $928) — 4000; — pair. 


Donc U,(F) est défini par le noyau 
(9) Ky(p1, pe, 41, O2) 


= ff F(p: — 61, po — 92, ps, ps, ps) exp(tAA )dpsdpsadps 
= exp id(p2 — 62)67. Frss(p1 — 81, pz — O2, NO, NO, —X). 


LEMME 12. Soit F € (15.3). La fonction T —||T(F)|| est continue sur Tl; ; 
pour la topologie des parameétres. 


Démonstration. D’aprés le Lemme 4, la fonction (), p2, 41, 82) > Pas(p1 — 6, 
p2 — 2, 92, AO, — A) est un élément de Le?(R*) qui dépend continfiiment de 
\ € R — {0} pour la topologie forte. D’autre part, l’opérateur unitaire de 
multiplication par exp 41A(p2 — 62)0;* dans L¢?(R*) dépend continfiment de 
\ pour la topologie forte. Donc l’application \ — K, de R — {0} dans L,-?(R‘*) 
est fortement continue. On achéve alors comme pour le Lemme 5. 








— 8 O OR « 
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LEMME 13. Sotent A, C A, B,C B, Cy, CC. On suppose AyUVB,\UC, 
canoniquement fermé. Si 0 est adhérent a A, dans R, on a B, = B, C, = C. 


Démonstration. Soient 8;, Bz € R. Avec les notations habituelles, on a 


(wom. (oof) 7-8.) 
4 (co(-v8s))) 


= f eee | F(pi,..., ps) exp 1d(ps — pi + bpo0i — p22) 


8 . Bi Be | B Be 
Ao, - a pr, 2 — > + ») exp 4 5 (s, - B2)e(«, -- 7 0. — ) 


dp, .. . dpsd6,d6. 


- j bad [ Fo: i Sis ps) exp(iA)f (0: + pr, 02 + p2)g(O1, O2)dpr . . . dpydO,d0. 


b 
Il 


8 B,\’ Be B;° 

Aps — roo, + ay + sno:(0 + ps) - ros( 0 + ps) —43 . pe 
= Apo - Apis + bro. — Ape — Bips + Bix: — Beps. 

Quand A — 0, l’intégrale tend vers 

| coe | PEs iin ps) exp 1(—Beps — Bip, + B1p281)f (01 + pr, O2 + po) 


2(6;, 62)dp eee dpsd8 \d6>. 


D’autre part, on peut identifier canoniquement L,?(R’) a l’espace des 
fonctions de carré intégrable sur R pour la mesure de Lebesgue et a valeurs 
dans Le?(R) c’est-a-dire encore a |'intégrale hilbertienne 


fs dt 


ou, pour tout ¢, 6, = Le?(R); dans cette identification, l’'élément (6;, 62) — 


f(0:, 02) de Le?(R*) correspond au champ de vecteurs 6:—/f¢,, o f», est 


élément de Le?(R) défini (pour presque tout 42) par 


Se, (1) = f (1, 2). 
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Supposons 6, ~ 0. Pour chaque @ © R, considérons |’opérateur 
7 se) , 7(% 
” (. Bi V.. — F) . (4) 
By o1.—02\ By 


Se, = Le(R). 


dans 


Cet opérateur a une norme indépendante de 64, et dépend continfiment 62 pour 
la topologie forte. L’application 


62 ~{ 6; 
am» F(- os) V_s,.-8.(F) 7 (4) 
2 8, 8,-82(F) 8, 


est donc un champ continu borné d’opérateurs, et définit dans 


J, Gude. = LER’) 
un opérateur S, de norme 


|| Vo, —o(F)II, 


tel que 
» Gg | 9 7 62 
(Sf\g) _ (vn F (22) fos-7 (2),.,) 6. 
B; By 
. . Ks ’ A> 
= f Said | | ps) exp 1(— Bop3 — Bip, + aio) f°, + pit B éx) 
. 1 
02 
e(° +2. +.) do .. . dpsd6\d0: 
1 
= | eee [ Fw. poses ps) exp 1(— B2ps — Bips + B1p281) exp(—tp22) 


f (0; + Pi; 62)2(61, 62)dp, eee dpsd6 \d8>. 


Désignons par -F, la transformation de Fourier par rapport a la 2e variable 
dans L,?(R*). D’aprés la formule de Plancherel, on a 


f exp(—ipss)f( + pi, 42)g(81, 02)d0. 
l fie —————— 
= on {(F of )(01 + pr, 02 + po) (Fag) (01, O2) dOe. 


Donc 


(F2SFzq'f\g) = 24(SF2'f\ Fog) 
= 7 o- f Fo: goeey ps) exp 1(— Bops — Bips + Bip 21)f (01 + pi, 2 + po) 


2(0;, O2)dp. . . . dpsd0sd0>. 


———— 





~~ 


ter 


Si } 


si | 
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En définitive, quand \ — 0, l’opérateur 


M exp( 4:8" ,)) 7 (&, 8) UHI (é 2) "M exp( 412° 6,)) 


tend faiblement vers ¥2SY>—'. Par suite, 
limy.,0||Ux(F)|| > || S|| = || V—s..-:(F) |]. 


Donec V,, € B, quels que soient A et uw, ce qui prouve que B,; = B. Comme 
B, est partout dense dans B \/ C pour la topologie canonique d’aprés la 
Proposition 1, on a aussi C; = C. 


Proposition 5. Les ensembles canoniquement fermés dans 1, sont les ensem- 
bles A, B, UC, (A, CA, B, C B,C, C C) possédant les propriétés suivantes: 

(1) A, est fermé dans A pour la topologie des paramétres; 

(2) B, U C, est canoniquement fermé dans B \) C = T; X R; 

(3) St 0 est adhérent ad A, dans R, ona B, = B, C; = C. 


Démonstration. Supposons remplies les conditions (1), (2), et (3) de la 
proposition. Soit T € P's; avec T ¢ A; B, U Cy. Il s’agit de construire une 
Fe ¥(Ts,s) telle que T(F) # 0 et T’(F) = 0 pour 7” € Aj. 

(A) Supposons 7 = Uj, ¢ Ai. Il existe FE Y(T's,s) telle que Pus soit 
nulle lorsque la 5e variable appartient 4 A, et non nulle lorsque la 5e variable 
a pour valeur Ao. Alors, compte tenu de (9), on a U,,(F) # 0 et U\(F) = 0 
pour A € A}. 

(B) Supposons T = V,,,. ¢ By. D’aprés la condition (3) de la proposition, 
0 est non adhérent A A, dans R. Donc il existe F € Y(T's,s) telle que 
Peaas(p1 — 6,0, — uo, — Ao, 0) # O pour certaines valeurs de p; et @, et telle 
que Fasas (donc aussi F345) soit nulle lorsque la 5e variable appartient a A). 
La premiére condition entraine facilement que V,,,, (F) # 0; la deuxiéme 
entraine que U,(F) = 0 pour A € Ai. 

(C) Si T = Wyy wo. © Ci, le raisonnement est analogue A celui de (B). 


7. Topologie de [;,. D’aprés (1, Proposition 9), [fs est réunion de 
3 sous-ensembles disjoints A, B, C; 

(1) A est l'ensemble des Uy,,, (A,u,¥, 9 € R,w* — v? + A%p = 0, 
\? + wu? + »? #0); chaque U,,.,,. opére dans Le?(R) et est définie par la 
formule 


(Uy.u.r.0(V)f) (0) = 
, l l 3 
exp d - 3 2p? — +4 (ps — p28) + A(ps — pi + 4 ps0” — 2} pil 40 + p) 
si \ # 0, et par la formule 


(Uy.u.».0 (YF) (0) = exp {-1e,, _ : (pa = p30 + 4 pa) 0 + pi) 


si \ = 0. 
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(y = (p1, ores Ps) € l's.s,f € Lé(R), 0 ‘ R). 


(2) B est l'ensemble des V, (A € R, A # 0); chaque V, opére dans L,?(R) 
et est définie par la formule 


(Vi(y)f) (0) = exp 1A(ps — p2)f(@ + i). 


(3) C est l'ensemble des Wy, (A, u © R); chaque W,,, s’identifie A une 
fonction scalaire sur I's, conformément 4 la relation 


Wyu(y) = exp i(Api + wpe). 


D’aprés le Lemme 3, B LU C est canoniquement fermé dans Pf \5, et la topo- 
logie induite sur B  C par la topologie canonique de [5 est la topologie 
de r. 

On définit sur ['5,, une topologie des paramétres. 

Avec les notations habituelles, on a, pour A ¥ 0 


(10) (Uy.,5.».0(F fle) 


= | bee J Fe. ..«, ps) exp(iA)f (6 + pi)g(0)dpr . . . dpxd8 


= | oe | F(p1 — 9, po, ..., ps) exp(iA f(o1)g(0)dp, ... dpsdé, 
avec 
(ps — p20) + Alps — psd + 4 9x0" — § pr). 


Donc Uj y,»,.(F) est défini, pour \ + 0, par le noyau 
(11) | eee | F(p1 — 9, po, . .- , ps) exp(tA )dpodpsdpidps 


- Ful =~ 6; _ nO”, NO, -») ; 


Pour A = 0, ona 
(12) (Uy.».0(F )flg) 
4 ‘ 1 4 
= [P.....odexpa - re -- (ps — px + tos*)) 
e iv m 
£0 + pr)g(@)dpr . . . dpsd0 
= F l 
= J .-- fre: = ton... edeuph - 28 — 2 in — p30 + to") 
iv yu 


f(p1)g(0)dp. .. - dps. 








ie 








— 
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Donec Uj 4.»,.(/) est défini, pour \ = 0, par le noyau 


F Fa l 
(13) | bias f Fo —— | nw) exp i - = ps — = (ps — pf + ts") 


dp»... dos 


= Pradhnn 0/204 220. ~£q2,e}. 
6 2u a op 


Nous nous contenterons de démontrer le résultat suivant: 


PROPOSITION 6. La topologie induite sur A par la topologie canonique est la 
topologie des paramétres. 


Démonstration. Soit A; une partie de A canoniquement fermée dans A, et 
montrons que A, est fermée dans A pour la topologie des paramétres. Soit 
(Ans Mn Yn» Pn) UNe suite de points de A, telle que Ay, un, Yn, Pn aient des limites 
finies A, u, », p, o0 A, uw, » Ne sont pas simultanément nuls. I] s'agit de montrer 
que (A, u,v, p) © Ay. 

Si A + 0, la formule (10) montre que 


(Unum. on.on(F f|g) + (Ur.5..0( FP |g), 
donc que 
Un.n. non F) 
tend faiblement vers U,,.,,.(F), donc que 


lity +4201 |Ura.nn.rn.on(F) > |[Ua.n.».0(F)II- 


Alors U) «.»,. est canoniquement adhérent a A; (Lemme 1), done Uj y+. © Ai. 
On raisonne de méme si \ = 0 et si A, = 0 pour une infinité de valeurs de n. 
Supposons maintenant A = 0, et A, # 0 pour une infinité de valeurs de n, 
donc, en changeant de notations, pour tout m. On a u* — v? = 0, donc uw > 0. 
Faisons d’abord I’hypothése que »v < 0, d’od u(u)* = — v. On a uw, > O pour 


n assez grand, et 
a 
7(#).) 
r,/ * 


4 
(via *n on rr (#) f 


= j ver f Flos, .. +, ps) exp(tA)f(6 + p1)g(0)dpx ... dpsdé 





a 1 ¥% 1 bp lb ( 2) (o- #) 
A= — 322 —5y Peay PF wien + AnPs — Anpal 4 d, 


‘\2 i\: 
+ praoi(o - es) = Brava = 3) 


3 
1 n n 4 
adie 5 te pr + alps — pad + ps0” — b020*) + ub(on — x0 + 4026") 
l in : 4 2 
die — pr + An(ps — pa? + 4ps0° — 4p28°) + u(os — p29 + 420°). 
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Donc, quand n> +o, 


; j 
- + ZT Mn ZT Bn —-* 
(asenran(F) ad (#) 5 ” (#) :) 


. . F lp - 
| La f Plu... expi{ - gy 2 — (ms — pi + tox*)) 


£0 + pr)g(@)dpr.. . dpsd® = (Ur,»,».0(F fg), 


et le raisonnement s’achéve comme plus haut. Enfin, si v > 0, il suffit de 
changer partout u,! en — u,* dans ce qui précéde. 

Pour établir que, réciproquement, une partie de A fermée pour la topologie 
des paramétres est canoniquement fermée dans A, nous aurons besoin du 
lemme suivant. 





LEMME 14. Soit A, une partie de A fermée pour la topologie des parameétres. 
Soit E, l'ensemble des points de R‘ de la forme 


ia) ae!) ) 
(2. 3)°* er", 2} 30 ’ NO, \ 
on OER, (A, u,v, 9) € Ai, A # 0. Soit Eo l'ensemble des points de R‘ de la 
forme 
lp , lv v y ) 
— = — -6, - 0 
(: v +5 2u =" m m 


on 0 € R, (0, u,v, p) € Ay. Alors, Ey; U Es est fermé dans R* — Q, en désignant 
par 2 l'ensemble des points de R‘ dont les 2 derniéres coordonnées sont nulles. 


Démonstration. (A) Supposons d'abord que 


x, + 3r,08 btn 5 I Awe —> Ee, AnOn —> Es, —An — £a, 


wl 


Vn lu 
3 = 
3x, 22 
OU (An, ny Yn» Pn) © Ai, An # O, et OF £1, Eo, £3, Eg sont des nombres réels finis 
tels que £3 et &, ne soient pas nuls tous les deux. Montrons que (£1, £2, &3, &4) 
€ E, U Es. 

Si &, + 0, 6,, donc, u,/A, donc »,/A,”, donc pu, et v,, ont des limites finies, 
donc 





Xn 
a une limite finie. Soient A, wu, v, p, 8 les limites de Ay, un, Yn» Pn» Om. On a 
(A, uw, ¥, p) € A;, et 


1 
ayI Ot BM = & 


donc (&:, £2, §3, £4) € Ey 





i i 
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Si &§ = 0 (donc & #0), on a uw, — (A,6,)? 0, donc yu, — &:? > 0, et 
Qn — ButnArAnOn + (An9,)* + 0, donc », — £;*. Par ailleurs, 


1 Vn l Mn : , 2 l Mn 2 . 
(143 - 2», + putt) ) a(4 — $d,8,) 2. 0 
is(2 Ye long 4 ay ot) (2 4 — ss) 6, + 0 

3r2 2», n nln 2d, nln nn 


2 
ariel o(} i - 2 6, + pt) AnOn — (3 _ ~ 02) | 


— 33 (2t:ts — £3). 


Additionnant, on trouve que 


tend vers 3£;?(2&&; — &*). Posons uw = £3, v = &3°, p = 3&s2(QE:E; — £2”). Ce 
qui précéde prouve que (0,4, ¥,p) © Ai; posant de plus @ = — £2/£;, on 
constate que 


lp ly os v v 
a." 7 i —~-6= & =£ 
Vv - is uh 

donc (£1, &, &3, 4) € Es. 

(B) Supposons que 

l l > V 
=e et, = - 2h, Bots 
6 Vn 2 My, Mn Uy 

oD (0, un, Yn» Pn) © Ai, et oF £1, Ee, &; sont des nombres réels finis tels que 


t; ¥ 0. Comme »,? = up*, ON a p/n = vat, donc wu, et », ont des limites 


finies u = £3? et v = &;°. Alors, 6, et p, ont des limites finies @ et p. On a 
(0, u,v, p) € Aj, et 


lp 


ly .2 y 
Gy pe sy 
donc (&, £2, 3,0) € Es. Ceci achéve la démonstration du lemme. 

Revenons a la démonstration de la Proposition 6. Soit A; une partie de 4 
fermée pour la topologie des paramétres. Soit (Ao, uo, vo, po) un point de A 
n’appartenant pas a A;. Soient p;,@ deux nombres réels. Conservons les 
notations du Lemme 14. Si A» # 0, le point 


1 vo 1 po 3 1 po 2 
(Az 10+ ast 5). ~ 28, dof, -o 


n’appartient pas a4 E; U Eo, donc est extérieur a FE, VU Ee. Si Ao = 0, le point 


1 po 1 vo 2 Vo Vo ) 
— Po 1 — 04 -9 =,0 
(Lee 412 ; ‘ 
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n’appartient pas a E,  E», donc est extérieur 4 E, Es. Dans les deux cas, 
il existe une F € -7(T 5) telle que F345 soit nulle sur R X (EZ; LU E:) et non 
nulle au point 


/ l Ve l ] 
) Mo 3 L po 2 
(pr — 4, 3x2 2p, 0 + BAe» 3p, ~ 28 AoA, -ro) 
(resp. au point 
(a 6, Lyle, . Be 0) 
: 6 vo 2 fo Mo Mo 


Si Ao = 0). Alors, 


| Se Fe ~ VU, 
et Ux». F) = 0 pour (A, u,v, p) © Ar. Done Udy po.ro.99 CSt extérieur A A, 
pour la topologie canonique. Ceci prouve que 1; est canoniquement fermé, et 
achéve la démonstration de la proposition 6. 

Remarque. La mesure de Plancherel sur 4 C [5 est défiine par la forme 
différentiell w = \~*dAdyudv (1, Proposition 9). Comme 2A~*dAdudv = v~'dddudp, 
w est réguliére sur tout 41, contrairement a ce qui est dit dans (1), p. 322, 
1. 18-21. 


8. Topologie de [;,. D'aprés (1, Proposition 10), I; est réunion de 
4 sous-ensembles disjoints A, B, C, D: 

(1) A est l'ensemble des U,(A © R, A # 0); chaque U, opére dans L,*(R*) 
et est définie par la formule 
(Un (-y)f) (61, 62) 
= exp th(ps — pai + 4 p20, + pi — 3 p28} — pie + p2:02)f(01 + pr, 02 + po) 


9 4 


(y = (pi, eres ps) € I's 6 f € Lc (R’), 6, Oe € R). 


(2) B est l'ensemble des V,, (A, u © R,A # 0); chaque V,, opére dans 
L-?(R) et est définie par la formule 


' ’ l 2 
(Vi.n(y)f) (0) = exp {- 5p 2 + dps — Apso + FAH ) i + p). 
(3) C est l'ensemble des W, (A © R, A # 0); chaque W, opére dans Lc?(R) 
et est définie par la formule 


(Wy (y)f) (0) = exp iA(ps — p29)f(@ + pi). 
(4) D est l'ensemble des X,, (A, u © R); chaque X,, s’identifie A une 
fonction scalaire sur I's. conformément 4 la relation 
Xy u(y) = exp 2(Api + wpe). 
D’aprés le Lemme 3, BU C U D est canoniquement fermé dans [5 ,¢ et 
la topologie induite sur B \V C U D par la topologie canonique de Ts,¢ est 
la topologie canonique de [,. 








st 
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On définit sur [5.6 une topologie des paramétres. 
Avec les notations habituelles, on a 


(14) (U\(F)f\g) 


j o . F(p1,..., ps) exp iA(ps — pi: + 49281 + $0001 — } pb} 
— pe + p8182) f(01 + pi, 02 + p2)2(01, 02)dp, . .  dpgdO,d0, 


j eee J F(p: — 61, p2 — 82, ps, pa, ps) exp(iAA) f(r, p2)g(01, O2)dpr . . . dps 


dé 09> 


avec 


A = ps — pi + 4(p2 — 62)°0: + 490i — 4(p2 — O2)01 — pide + (pr — O2)010>. 
Donec U,(F) est définie par le noyau 


(15) Ky (3, 2, 91, 82) 
= {ff F(p: — 61, p2 — 62, ps, pa, ps) eExp(tAA )dpsdpadps 
exp 1A(4(p2 — 62)"; — t(p2 — 62)0; + (p2 — 2)6102) 


Fs4s(p1 — 01, p2 — 82, NO2 — $AOi, ABi, —A). 


LEMME 15. Soit F € -7 (15,6). La fonction T — ||T(F)|| est continue sur Ts ¢ 
pour la topologie des paramétres. 


Démonstration analogue a celle du Lemme 12. 


LEMME 16. Soient A, C A, B,; C B,C, C C, D; C D. On suppose A; U B, 
‘J C, U D; canoniquement fermé. Si 0 est adhérent a A, dans R, on a B, = B, 
Ci = C, D, = D. 


Démonstration. Soit 8B; © R — {0}. Avec les notations habituelles, on a 


‘amecea ; (isi 2\\, 
(vac (— 8, - fh). (ex (5 So, + aont) 
(8. fh) (ow bin + so) 
. . . : j 1 3 2 
= | “ | Fos ..+, ps) exp(td) exp - (2 oI (6, = oy + m) 
Bi 2 
+ s8,( 0, - >! . m) ) | 
(18 Bi . BY’ By Bi 
exp} \3 2 02 — 53 + 3Bi\ 2 — 553 f\O1 — > + pr O2 — aya + 02 


2 


- 8) dp, .. . dpsd6,d» 


v3 
ym * 
> 

| 
~|> | 
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dp, .. . dpsd6,d0. 


= | a J i A ot ps) exp(tA’) (0: + pi, O2 + pe) (01, 02)dp, .. . dpsd6 0. 


avec 


A’ = APs = rod 0, + bs) + sri(, + ps) + bro.(0 + 61) - bro.(0 + 8s) 


Bi Bi Bi 1 Bi ath 
—roa(o + fi) + rol 6, a " Ye, + fi.) a 3 2 p2 — Bipx®e — 5 Bip2 
= A(ps ae p48; + 4930, + bos; = b 028} — ps82+ 20102) — Bipa t+ Bipshi— 48120). 


Donc, quand \ — 0, l’intégrale étudiée a pour limite 


j eee j Perr ps) exp t(— Bips + BipsAi — } 81203) f(@; + pi, 02 + po) 


2(0;, 02) dp, . . . dpsd0:d8>. 


Identifions, comme au paragraphe 6, l'espace L,?(R?’) a l’intégrale hilbertienne 


{ H_o.d82, 
ot 
Ho, = Le(R) 
pour tout 6. © R. Le champ d’opérateurs 
62 — V_g, 26,6, (F) 


est fortement continu (et méme beaucoup mieux!) et il définit dans Le?(R?*) 
un opérateur S tel que 


(Sf\g) 


| ( V_4;,-28;02(F )fo.|go.) dO» 


j see [ Fo, - ++» 5) Exp 1(—p2Be — Bips + Bip39; — 4 B1p201) 


f(0; + pi, O2)g(01, O2)dps . . . dpsd0.d6>. 


Désignant encore par -72 la transformation de Fourier par rapport a la 
2e variable dans L,?(R*), on obtient 
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(ASF fie) = |... | Flow... ps) exp i(—Bros + Bros — 48.0083) 


£ (0: + pr, 02 + p2)g(O1, O2)dps . . . dpgd0 db». 


En définitive, quand \ — 0, l’opérateur 


Bi B, Bi B, Bi)" 
dood ifin + i) (8.8) wine.) 
(18 f 1 
M exp (2 5 0. + 4.0) ) 


lim _,0||Ux(F)|| > supeser|| V—s,,—-28,0.(F)|| = supyer||V—s,..(/) 


tend faiblement vers -7.S-7.~'. Par suite 


Donc V_»,,4 € B:. Comme £,; et uw sont arbitraires (8, ~ 0), on a B, = B. 
D’aprés la Proposition 2, B est partout dense dans B \ C LU D pour la topo- 
logie canonique, donc C,; = C, D,; = D. 


PROPOSITION 7. Les ensembles canoniquement fermés de T's .¢ sont les ensembles 
A,\UB,UC,UD,; (Ai C A, Bi C B, C1 C C, Di C D+) possédant les pro- 
priétés suivantes: 

(1) A, est fermé dans A pour la topologie des paramétres; 

(2) By; UC, U D, est canoniquement fermé dans B\) CU D = 1; 

(3) Si 0 est adhérent a A, dans R, ona B, = B, C, = C, D, D. 


Démonstration. Supposons remplies les conditions (1), (2), et (3) de la 
proposition. Soit 7 € I's. avec 7¢A,; UB, UC, U D,. Il s’agit de con- 
struire une F € -7(T'5.¢) telle que 7(F) # 0 et 7’(F) = 0 pour 7” € A,. 

(A) Supposons 7 = U), ¢ Ax. ll existe F | Y(T's.¢) telle que Pugs soit nulle 
lorsque la 5e variable appartient 4 A, et non nulle lorsque la 5e variable a 
pour valeur Ao. Alors Uyo(F) # 0 et U,(F) = 0 pour A © A;. 

(B) Supposons T = V), 4. ¢ Bi. Alors, d’aprés la condition (3) de la pro- 
position, 0 est non adhérent A A, dans R. Donc il existe F¢ -7(Ts5.¢) telle 
que Prosas, et par suite P45, soient nulles lorsque la 5e variable appartient a 
A,, et telle que la fonction 


> l ) 9 
(p1, 6) = Paul 0 —_ 6, : ee = £0", oA, — Xo, 0) 


2 Xo 
ne soit pas identiquement nulle. Alors V,, ,,.(¥) # 0, et U,(F) = 0 pourA € A,. 
(C) On raisonne de maniére analogue pour 7 = Wy, ¢ C,ou T = Xo yo ¢ Di. 


9. Etude des caractéres. 


PROPOSITION 8. Soit T,’ le sous-groupe de 1, d’équation p, = 0. Le caractére 
de U,, est une mesure concentrée sur T,'. Sa restriction d 1, est définie par la 
densité 
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(16) (1 + i) (#.)' ex 4i(r 2p2p1 — ps :) 
Dols “P rs x Pe 


on il faut prendre le signe + pour Xp2 > O, et le signe — pour Apo < 0. 


Démonstration. On a, pour F € -7(T,), 


tr(Uy,.(F)) = f ufo, =f — 30", dd, -r) dé. 


Donc le caractére de U,, est l’extension a I, d’une distribution définie sur 
r,’. Identifiant Ty’ A R* grace au systéme de coordonnées (ps, p3, ps) on voit 
que cette distribution est la transformée de Fourier 4m de la mesure m a 
croissance lente définie par la formule 


m(f) = fie — $)0*, 8, -») d@ 


(f, fonction continue 4 support compact dans R*). Soit m, la mesure a support 
compact définie par la formule 


mr(f) = fb — 40°, 0, -r) de. 


Quand 7 — + ©, my, tend vers m au sens des distributions tempérées. Donc 
Fm, tend vers Fm au sens des distributions tempérées. Or, Amr est la 
fonction 


+7 
- 1 ‘ 
(17) (p2, ps, pas) f exp -4 (22 _ 1s") + Op; — roe | dé. 
J_T v4 


Nous allons vérifier que, quand 7 — + ~, cette fonction converge simplement 
vers la fonction (16), en restant majorée en module par une fonction localement 
intégrable fixe. On en conclura que la fonction (17) tend vers la fonction (16) 
au sens des distributions, donc que la fonction (16) est la distribution 4 m 
cherchée. 

Supposons Ap: > 0. Dans !'intégrale (17), faisons le changement de variables 
(3Xp2)*(@ — ps/p2) = ¢. Elle devient 


det) 4 79 /p2) a 4 1 9\i 
(*§ pale exp Gs — 4d e —>5 ; po + Apa i tc 


(*g2)8«—17-ps/02) p2 


2 y 1 ( 2p2p4 - ps ) lg p3/p2) - 
= |—] exp— | A —————"__ - = 2 exp(2") dt. 
(2 P> Pe » si * (gz) hr T—p3/p2) odie 


Or, un calcul élémentaire montre que 
| | 
[ expcir’) ar] <4 


quels que soient a et 6. Et, quand T — +o, Il’intégrale tend vers 


ves tt 
exp(it*) dt = 4/2 (1 + i). 
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La proposition est donc vérifiée pour Ap: > 0. On procéde de facon analogue 
pour Ape < 0. 


PROPOSITION 9. Soit I's.5’ le sous-groupe de 15.5 d’équation p, = 0. Pour 
\ # 0, le caractére de U, 4.5, est une mesure concentrée sur T's .5'. Sa restriction 
a 1's.5' est définie par la densité d suivante; on pose 


1 (6)! (, Bese — ob m ) 
: — ee ee ae 
2 \Ap2 p2 d 


as : ‘ 
+(6) onl (Seles — 3pspsps + 9: 
Ape 3 ps 


on il faut prendre le signe + pour X\p2 > 0, le signe — pour Apo < 0, et on 


a 


d 


II 


Vv 
->; ») A(p2, ps, pa) 


9, 3/2 
A= 2a? Kul 22) pour a> 0 


9 
A = = (4a)! [Jrya(¥a(4e)*) + Jaa(fa(ta)')] pour a <0. 


(Jiys, J-1;3, Kiys sont les notations classiques pour les fonctions de Bessel.) 


Démonstration. On a, pour F | S(T 55) et \ #0, 


: , a ly ly 3 ly 2 
tr(U,,,.»..(F)) = SFau(o,2 2, _ 59 + Ln ‘D> — 40 , 8, - s) dé. 


Donc le caractére de U,,,,, et l'extension a I's.5 d'une distribution définie 
sur I's 5’. Identifiant T';,,’ 4 R‘ grace au systéme de coordonnées (po, p3, p4, ps), 
on voit que cette distribution est la transformée de Fourier Am de la mesure 
m a croissauce lente définie par la formule 


1 l 3 1 2 
m(f) = fais — 550+ bs", 55 $0", dO, -») ao 


(f, fonction continue 4 support compact dans R‘). Procédant comme pour 
la Proposition 8, on est amené A considérer |'intégrale 


+T 1 1 ‘ 
(18) j exp (is - Ot ane p2+ -¢ — $0 }ps + AOps — Aps | dO. 
J-¢ : 2 


Supposons p2 # 0. Faisant, dans cette intégrale, le changement de variable 


(Ape)! (« - e) =f, 
p2 
elle devient 


. 4 . 2 . 3 e ~ \4 
6 )' 2. 2 (, 3025 — 3p2psps + ps» ) f -4 3 $.) 
(;".) exp (1 p» yee) JP TE +39 Apo 
2px. — pss ‘ 
1. — alt 1d 
P2 r 
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“= (4nos)*( - T - es) y= (ano)! (7 - et). 


Une majoration élémentaire montre que 


avec 


i ; 
| J exp —i(¢* + at)dt | < 10 


quels que soient a, 6, a. Donc ¥m est la fonction 


a 4 ° 2 3 +o 
€ 3 — 3p2p; 3 teed 
ot il faut prendre le signe + pour Ape > 0, le signe — pour Ape < 0. Or, on 
a (intégrale d’Airy) 


rex iy 9/1 3/2 
osa8 ) ¥0°K 1/3 (2(4a) ) (a> 0) 
> d = . ° iP 
: exp Uf" + at) BF = 1904/3 (ta) Taya (2(4a)"") + Jan (2(4a)**) (<0). 
D’ot la proposition. 
Je dois 4 Delsarte la remarque que la limite de |’intégrale (18), quand 
T — +, peut se calculer explicitement. 
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